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CALCULUS

Derivatives *

the following formulas u, v, w represent functions of x, while a, ¢, n represent fixed real
bers. All arguments in the trigonometric functions are measured in radians, and all inverse
nometric and hyperbolic functions represent principal values.
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DERIVATIVES (Continued)
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INTEGRATION

: following is a brief discussion of some integration techniques. A more complete dis-
1n.can be found in a number of good text books. However, the purpose of this introduction
ply to discuss a few of the important techniques which may be used, in conjunction with
tegral table which follows, to integrate particular functions.

matter how extensive the integral table, it is a fairly uncommon occurrence to find
. table the exact integral desired. Usually some form of transformation will have to be
. The simplest type of transformation, and yet the most general, is substitution. Simple
. of substitution, such as y = ax, are employed almost unconsciously by experienced
of integral tables. Other substitutions may require more thought. In some sections of
ibles, appropriate substitutions are suggested for integrals which are similar to, but not
ly like, integrals in the table. Finding the right substitution is largely a matter of intuition
xperience.
veral precautions must be observed when using substitutions:
s sure to make the substitution in the dx term, as well as everywhere else in the integral.
s sure that the function substituted is onc-to-one and continuous. If this is not the case,
e integral must be restricted in such a way as to make it true. See the example following.
ith definite integrals, the limits should also be expressed in terms of the new dependent
rriable. With indefinite integrals, it is necessary to perform the reverse substitution to
stain the answer in terms of the original independent variable. This may also be done
r definite integrals, but it is usually easier to change the limits.

cample:

4
x
ot
Ja& = x?
ere we make the substitution x = |a| sin 6. Then dx = |a| cos 8 d6, and

2 — %= Ja> — a’sin? 0 = |a|,/1 —sin> = |acos €|

a square root radical

ice the absolute value signs. It is very important to keep in mind that
s kept positive. Thus

1ys denotes the positive square root, and to assure the sign is alway
? = |x|. Failure to observe this is a common cgse of errors in integration.
lotice also that the indicated substitution is not a one-to-one function, that is, it does not
e a unique inverse. Thus we must restrict the range of 0 in such a way as to make the
-tion one-to-one. Fortunately, this is easily done by solving for 8

. x

6 =sin"!—
.
L . ] oy T

| restricting the inverse sine to the principal values, —3 <6<

S|

“hus the integral becomes
J‘ a* sin® 0)a| cos 0 d0
laj lcos 0| -
w, however, in the range of values chosen for 0, cos @is always positive. Thus we may remove
absolute value signs from cos 8 in the denominator. (This is one of the reasons that the
ncipal values of the inverse trigonometric functions are defined as they are.)
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Then the cos 0 terms cancel, and the integral becomes
a* f sin* 8 40

By application of integral formulas 299 and 296, we integrate this to

3 39 4 4
—a*i IOSB—%cosesin6+3%9+ c

We now must perform the inverse substitution to get the result in terms of x. We have

f=sin-1 X
|al
, x
sinf = —
lal
Then
S 2 /n2 _ 2
cosf=+./1—sin?0=+ /1 _x_2= +¥& — X
a la|

Because of the previously mentioned fact that cos @ is positive, we may omit the + sigi
The reverse substitution then produces the final answer

4 4
x P — —— 3@ . x
f—z ——dx = —}x3 /a? — x? - faix/a* — x* + T sin-1 X L ¢
Vot - x 8 la|

Any rational function of x may be integrated, if the denominator is factored into linea
and irreducible quadratic factors. The function may then be broken into partial fractions
and the individual partial fractions integrated by use of the appropriate formula from th
integral table. Sec the section on partial fractions for further information.

Many integrals may be reduced to rational functions by proper substitutions. For example

z—tanx
- 2

will reduce any rational function of the six tfigonometric functions of x to a rational functior
of z. (Frequently there are other substitutions which are simpler to use, but this one will always
work. See integral formula number 484.)

Any rational function of x and \/ax + b may be reduced to a rational function of z by
making the substitution

z=./ax + b.

Other likely substitutions will be suggested by looking at the form of the integrand.

The other main method of transforming integrals is integration by parts. This involves
applying formula number S or 6 in the accompanying integral table. The critical factor in
this method is the choice of the functions # and v, In order for the method to be successful,
v.= {dnand [vdu must be easier to integrate than the original integral. Again, this choice is
largely a matter of intuition and experience, i

Example:

fxsinxdx

Two obvious choices are u = x, dv = sin x dx, or u = sin x, dv = x dx. Since a preliminary
mental calculation indicates that fvdu in the second choice would be more, rather than less,
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nplicated than the original integral (it would contain x2), we use the first choice.
u=x du = dx

dv = sinx dx v= —COSX

fxsinxdx:fudv=uv—'|.vdu= —xcosx + fcosxdx

=sinx — XCOS X

course, this result could have been obtained directly from the integral table, but it provides
imple example of the mhethod. In more complicated examples the choice of u and v may
t be so obvious, and several different choices may have to be tried. Of course, there is no
arantee that any of them will work. .

[ntegration by parts may be applied more than once, or combined with substitution. A
rly common case is illustrated by the following example.

Example:
J- e~ sin x dx
Let
u=e* Then du = e*dx
dv = sin x dx p= —COSX

je"sinxdx =) J. udv = uv — J‘ vdu= —e*cosx + f e* cos x dx
In this latter integral,

let u=e* Then du = e*dx

dv = cos x dx. v =sinx

J.e‘sinxdx = —e*cos X +fe‘cosxdx = —e*cosx + J.udu

—e*cosx + uv —J.vdu

—e cosx + e*sinx —fe"sinxdx

*his looks as if a circular transformation has taken place, since we are back at the same
ntegral we started from. However, the above equation can be solved algebraically for the
equired integral :

J.e"sinxdx = L(e"sin x — €" cos x)

In the second integration by parts, if the parts had been chosen as u = cos x, dv = & dx,
ve would indeed have made a circular transformation, and returned to the starting place.
[n general, when doing repeated integration by parts, one should never choose the function
4 at any stage to be the same as the function v at the previous stage, or a constant times the
previous v.

The following rule is called the extended rule for integration by parts. It is the result of
n + 1 successive applications of integration by parts.
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If

£10x) = f g dx,  ga(x) = f g1(x)dx,

g5 = [ a0 dx, .., gu0) = [ea-iax,...,
then . ’
[ £00-gt)dx = 1092109 — 109809 + 1) g3fw) — + -
+ (DS (Ig 0100 + (=17 17 el (3)d

A useful special case of the aBove rule is when f(x) is a polynomial of degree n. The
S+t Wx) = 0, and

ff(x) g0 dx = [(x)-£1(%) — £(x)-8alx) + ["(x)- £500) — + -+ + (= 1Y P(x)ga s 10) +

Example :
If f(x) = x2, g(x) = sin x

fxzsinxd:'c=' ~x?cosx + 2xsihx + 2cos x + C

Another application of this formula occurs if
J'(x) = of(x) and g"(x) = bg(x),

where a and b are unequal constanis. In this case, by a process similar to that used in th
above example for [ e* sin x dx, we get the formula

[ty ax = 1060 = -5

This formula could have been used in the example mentioned. Here is another example.

Example:
If f(x) = €**, g(x) = sin 3x, thena = 4,b = —9, and

N 3 2x 3x—2 2X o1 3 . p2x
fez"sin3xdx='e co_s_xg __: = x+C=i—3(2sin3x—3cos3x)+C

The following additional points should be observed when using this table.

. A constant of integration is to be supplied with the answers for indefinite integrals.

2. Logarithmic expressions are to base e = 2.71828-.., unless otherwise specified, and are
to be evaluated for the absolute value of the arguments involved therein.

3. All angles are measured in radians, and inverse trigonometric and hyperbolic functions
represent principal values, unless otherwise indicated. - )

4. If the application of a formuila produces either a zero denominator or the square root of
a negative number in the result, there is usually available another form of the answer which
avoids this difficulty. In many of the results, the excluded values are specified, but when
such are omitted it is presumed that one can tell what these should be, especially when
difficulties of the type herein mentioned are obtained.

5. When inverse trigonometric functions occur in the integrals, be sure that any replacements

made for them are strictly in accordance with the rules for such functions. This causes

—
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ttle difficulty when the argument of the inverse trigonometric function is positive, since
ien all angles involved are in the first quadrant. However, if the argument is negative,
secial care must be used. Thus ifu > 0,

. - 1
sin~'u=cos” /1 —u? =csc™!-, ete.
u

fowever, if u <0,
N = N .1
sin“lu=—cos 1 /1 —u>= —n—csc” ', etc
u

iee the section on inverse trigonometric functions for a full treatment of the allowable

ubstitutions.
n integrals 340-345 and some others, the right side includes expressions of the form

Atan~ ' [B + Ctan f(x)].

In these formulas, the tan~! does not necessarily represent the principal value. Instead of
ilways employing the principal branch of the inverse tangent function, one must instead
use that branch of the inverse tangent function upon which f(x) lies for any particular

zhoice of x.

Ixample:

4

iy 2 2tan§+1
—— = ——tan~" —
o 2+ sinx 3a 3 o

2[ _,2tan2n + 1 _l2tan0+1]
= ltan'———F————tan” ' ———=——

3 VE

sre

3 3 6
ace f(x) = 2=; and
o200+l = al
i N
nce f(x) = 0.
B, and E, where used in Integrals represents the Bernoulli and Euler numbers as
defined in the tables contained from pages 408 to 414.

2

/3
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INTEGRALS

W

ELEMENTARY FORMS
1. fa dx = ax

2, fa~f(x)dx =3 aff(x)dx

“ 4q
3. f ¢(y)dx = f ¢yLy) dy,  wherey = 22

X

4. f(u + v)dx = fu dx + fv dx, where u and v are any functions of x

_ ctf7

5 |udv=u dv — | vdu=uv — | pdy
Jutor=ufar-[ | o~

6. fu:;—zdx =uv — fv%dx ’
i fx"dx = X"HI exceptn = —1

L s L2 S log s, W = Fd) o
9. J‘_x = log x

g "‘f’(‘b‘ I, @) = fxav) /

VOn il dy = 0.
11. fe"dx = ¢e*
J’ ’
12. fe"" dx = e”*/a X /’1/ dX
bax -t /

13. fb_ dx=a]ogb, ® > 0) X ,ﬂv\/'\c[— |

At N+
14, flogxdx =xlogx — x

18. fa" logadx = a, (a>0)
j\(

1 X
16. 3 = —tan -
a’ + x a
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INTEGRALS (Continued)

~tanh~ !> E
a a -
J‘ dx . p
= r
T =i 1 a+ x £
—log , (@®>=x%) = =
2 a—Xx
——coth™!= ™
a
J‘ dx . s
= T
x* —a? 1 X —a
—Ilo ) x? > a?
2a gx +a ( ) \
L1 X
sin = - D| ad
dx al
_[ = ——= kG
Jat —x =
—cos~'=, (a*>x%)
la|
¢ dx ——— _,/_ﬁ /
'J_;'_z_;__zzlog(xJ“\x e o N
JxTx
J‘ dx -
| ————= = —sec
xJ/x* —a ld
dx 1. fa+Ja> £x
o — :=——10g = =———————
xy/a® £ Z a x

FORMS CONTAINING (a + bx)
a + bx

For forms containing a + bx, butnot listed in the table, the substitutionu =
1y prove helpful.

P i _
3. J‘(a + bx)dx = o+ b . n# -1
4. J-x(a + bx)"dx
= 1 _(a + bx)"t? — 4 (@ + bxy*! nm+# —1,-2)
b(n + 2) b*n + 1) ’ g

n+3
15, sz(a 1+ bx)dx = i[(‘f + bx)"”

b3 _ g bl + a2(£+_bX)"_+l]

n+3 n+2 n+1
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INTEGRALS (Continned)
m+1 n
[ Em vfa_n++bfl m +_ﬂ: +1 fx’"(a LS
or -
1
a(n'+T)

26. f).c”’(a + bx)dx = \’ [—x’"“(a + bx)"t!

+(m+n+ 2)fx'"(a + bx)"* 1 dx

or

e m bx)+t1 fm'_l "
b(m+n+l)[x S ma | x""a + bx)'dx

dx 1 .
. :—] b
27 ja+bx bog(a+ %)

dx 1

2. f (@+bx  bla + bx)
dx 1

29. f (@ + bx)? - —2_b(aT bx)?

1
b—z[a + bx — alog(a + bx)]

30. f ady or
a+ bx
X a
0B Flog(a + bx)
xdx 1 a
» —_— = — b
T bx)? bz[log Sl on bx]
xdx 1 -1 .
R | =—=we— = - _a
“lav b b’[(" ~ @+ b2 (= D + bx)"_lJ’ e
x% dx 111 ,
. = —| — = 2 b 2
33 fa T b3[2(a + bx) ala + bx) + a®log (a + bx)]
x?dx 1 22
e =3 bx — 2qal bx) —
34 @+t b’ b3,:a + bx alog(a + bx) an bx:l
© x%dx 1 o a2
N [ —— P b ‘ - a
3s (a + bx)3 b3[0g (a + X) + a+ bx 2((1 + bx)z]
36 x*dx 1[ -1
" @ by TH = 3@ + bxy?

2a a2

T =D by 61?'1)(a_+3x)n—_1]’ AR
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INTEGRALS (Continued)

—C

J‘_ di_- 110 a+ bx
x(a+bx)— a = x
dx 1 1 a + bx
j_"—iz_ — 5 — 308
x(a + bx) ala+ bx) a x
dx 12a+bx x
I = —3 log
x(a+bx) a®| 2\ a + bx a+ bx
dx B 1 + b Lt a+ bx
x*(a + bx) ax =
J‘ Ec__be—a b210 X
* ) x3a+bx) 24 & 851 bx
_di__ a + 2bx 2b a + bx
xXa + bx)* a x(a+bx) x
FORMS CONTAINING ¢* + x2, x?
J‘ =—tan Lo
c + x?
dx X
- l 2 2
jcz—xz 2 c—x’ & 7
dx 1 x—cC
e 2 2
x2 - ¢? ZCng+c’ b >E)
xdx

~1

19.

50.

51.

J

2+ x

xdx

(C + x2)n+1

dx

~]‘(c +x

f__"_
(xz_czn
x dx

sz—c2=

lheee=

x dx

1
5 = Elog(c + x?)

_ L ol
+27( +x

2c2(n - 1)[ ?

2c2(n - 1)

1
ilog (x* —¢?)

2)n+1 i

1
Ton(x? - —cy

2)n 1+(2n 3)J-(2+x2)n ]

Z)n 1_(
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INTEGRALS (Conti

53
FORMS CONTAINING 4 + ﬁ\*
u=a+ bx, v=c+ dx,
c S ~nd C+dy
Ifk =0, theny =~y \ad\bc
a
1
52 fﬁ=- 1og(3)
u-v- k u
d 1
53, f e [ log(u)——log(v)]
u-v k
dx 1/1 4 v
: === +Z%10g 2
54 up k(u+kogu)
x dx —a c v
] =2 Liog?
55 fu2~v bku k2 og
x% dx a’ 1 a(k — bc)
. = 1 =%
o J.uz-v b2ky kz[ 08 (1) + = b log(u)y
dx . | -1 ~
57 W=m[ﬁ—l—ﬁ—f ~(m+n- 2)bf_h____d
W, bx k “"»",;;-,;--Q__]
58. f;dx=7+2510g(v) 1
_1 um+1
+bn—m—2f ~
k(n—l)[" TN ’ v"\ldx]
or

u™dx -1 u™ ym1
0, - kf
. f o d(n—m—l)["1+m d"]

-1 ’:u'"
din — 1| =1 P

FORMS CONTAINING (a 4 bon
*)

d 1 Jab
60.f\x=‘ - xa“ . (ab>0)

tan~!
a + bx? \/E

a+x./ b (ab
2./—a a—x./—a <0)
dx
. [ 5= or

1 /_
tanh~! % ab’ (ab < 0)
e a
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CALCULUS

Derivatives *

the following formulas u, v, w represent functions of x, while a, ¢, n represent fixed real
bers. All arguments in the trigonometric functions are measured in radians, and all inverse
nometric and hyperbolic functions represent principal values.

d
E(a) =0 2
d ( ) 1 ﬁ}) r; ;1({ Z"X At pa ‘3"’% fe¥’] &
Zix) =
ix ‘ o~ Qe A aen
L L N a0
ix dx b 1, .
ME AL z
d du dv dw X
= B ety & : (B "
dx(u U= dx t dx dx 9 o
d dv du N
= = - {
dx(uv) Y & Vax
1(u w) d_w + wﬂ + uwii3 and so on to n factor 4
dx ) T W TV T ik s R S
b Placey
i ul dx dx 1 d_li _u dv Z
dx\v| v? Tvdx vdx Y
d ., du >
a(u ) = nu Ix
du

@)
df1)_ n du
dx\u" u"ttdx
L W T
ax\om] = |k dx
d o on—tm-qf  dl dv
E(uv"‘)—u v (nv‘—l;+mudx

d d du
E[f(u)] = E[f(")] T

st y = f(x) and % = ‘ﬂ%m = f'(x) define respectively a function and its derivative for any
pe x in their common gomain. The differential for the function at such a value x is

ordingly defined as

dy = d[f(x)] = Zi’ dx =———d[£(;‘)] dx = f'(x)dx

¢h derivative formula has an associated d_ifferential formula. For example, formula 6 above
; the differential formula
) /vﬂbii'lu’;zt w-
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A
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DERIVATIVES (Continued)

Vdx? i du?

df (u) u  d(u) (
dx

n!

dx
fd—;éO

tdw @)

u dx

du
0g, a)a

d"u +[n dv d""u L[ d*v d" 2
dx" . \1ldx dx"~! 2]dx? dx"?

SR e

) the binomial coefficient, n non-negative integer and (

&

ixaog,,u)=aog.,e)f—l% Octee :uk@

18. p

Ve TTrZ/(
V’: \/r'd)/"f Vh

@ Relgliine

d o Ldu
21. —( ) =e E
d . g du ,dv
22, —(u*) = vu I + (log, uu T
23, %(sin%{) = Z—i(cos u) 7..:..__; 7 b@ﬁl VAT
24, Lcosu) = ~Msin ._a_*-ﬁ. +
dx dx
d du é\l—
25, a(tan u) = a(secz u)
26. L (cotu) = —Pesc? vy ¥ 0\“"‘1
BT cotu) = o CSCeu d* di'
d ~du
27. E(sec u) = Esecu -tanu @ /(Q‘% %
d du .
28. E(csc u) = —Ecscu-cotu ,
d du .
29. d—x(vers u) = Esm u GL)L
d . 1 du T_ . . =
30. E(arc sinuy) = ﬁ e (_E <arcsinuy < 5)

dk dar- k
‘k)dx PR

e

- (;;)u;

o

=1

<=
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DERIVATIVES (Continued)

1 d
%(arc cos u) = ———1—_? d_Z’ (0 < arccosu < m)
d—(arc tanuy) = —— @ ~T <arctanu < ud i
ix 14 utdx 2 2
d 1 du
E(arc cotu) = S (0 < arccotu < 7)
d(arcsecu)——l—ﬂ 0<arcsecu<— —m <arcsecu < —=
ix T ou /i —1dx 2’ 2

f—(arccscu)— - —Q O<arccscu<
dx I 2’
i(arc vers u) = ] — ‘—iz, (0 < arcversu < m)
d \‘ u — 2 dx

o 3 du

H;(smh u) = d—);(cosh u)

d du, .

Zi_i(COSh u) = a(smh u)

d du 2
E;(tanh u) = E(sech u)

/J‘*
)\/

T
—q < arccscu < —5)

d du 5
E;(coth u) = —E(csch }4);‘
d du oS
E(sech u) = ——(sech u - tanh u)
Ed;(csch u) = —gg(cschu-coth u) x
: ;/f” )
o = /|
. sinh ™" ) = ‘[log(u+\/u e P A= g
. =, ’ -S/; )
A (oS eakd
dii(cosh u)——[log(u+\/u )= /__ZZ @S 1,cosh~1u > 0)
-
A [ -5k )
d Lo df1 1+u 1 du . Tl —
— = —1 - - — A= -
dx(tamh b dx[210g1—u] 1 —u?dx’ (= /
(
d|1 u+1 1 du = =l
——coth’lu=f[— ——]:————, ur>1 =
( ) axl 2 = 1 —u?dx ( )fo,e,y—g,/«»/ J
e Vo
fva
—(sech"u):{-id;[log-IL l_u] = ——\/—_l_f—‘;—u (0<u<lsech™'u>0)
u u
/ }‘(‘
14 2
_(Csch_lu)=_d4[]0g_ 1+_u]= _1 _d_u
X _—O\ dx u lu‘\/—1_+ uz dx
€ of? - X /A . e 4 - | = Xo ‘7: .'_'f‘—\-
P ;—AQD s & i - A /x
(M) =
! L Cop w g UM =y
G Ce = X/ / ! { /4‘ x S y\"a-
. (14|
R ) ) ,ﬂ“-' W ga
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d q
49. o J; f(x)dx = f(g),  [pconstant]
d q
50. p J; J(x)dx = —f(p), [g constant]
d re i d
st 2 f %, a)dx = j 2l A+ 0.0 5~ 1, 0) 2

[
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INTEGRATION

of some integration techniques. A more complete dis-

d text books. However, the purpose of this introduction
ed, in conjunction with

 following is a brief discussion
1 can be found in a number of goo
ply to discuss a few of the important techniques which may be us!
tegral table which follows, to integrate particular functions.
matter how extensive the integral table, it is a fairly uncommon occurrence to find
. table the exact integral desired. Usually some form of transformation will have to be
. The simplest type of transformation, and yet the most general, is substitution. Simple
of substitution, such as y = ax, ar¢ employed almost unconsciously by experienced
of integral tables. Other substitutions may require more thought. In some sections of
\bles, appropriate substitutions are suggested for integrals which are similar to, but not
ly like, integrals in the table. Finding the right substitution is largely a matter of intuition

xperience.
seral precautions must be observed when using substitutions:

ake the substitution in the dx term, as well as everywhere else in the integral.
and continuous, If this is not the case,
ake it true. See the example following.

essed in terms of the new dependent
form the reverse substitution to
ble. This may also be done

; sure to m.
» sure that the function substituted is one-to-one

e integral must be restricted in such a way as to m
'ith definite integrals, the limits should also be expr
riable. With indefinite integrals, it is necessary to per
stain the answer in terms of the original independent varial
r definite integrals, but it is usually easier to change the limits.

cample:

x4
J' _r_ x—z dx

ere we make the substitution x = |a| sin . Then dx = |a cos 0 B, and

@2 — x2 = Ja® —a’sin®* 0 = |al\/1 — sinZ 0 = |acos 6]
a square root radical

ice the absolute value signs. It is very important to keep in mind that
s kept positive. Thus

1ys denotes the positive square root, and to assure the sign is alway
Failure to observe this is a common cgjse of errors in integration.

lotice also that the indicated substitution is not a one-to-one function, that is, it does not
e a unique inverse. Thus we must restrict the range of 6 in such a way as to make the
-tion one-to-one. Fortunately, this is easily done by solving for 8

A= 5[s

SR
f =sin ! —

|al

S . ] - b
| restricting the inverse sine to the principal values, ) <6<

A

“hus the integral becomes
J‘ a* sin® a cos 0 d0
|al|cos O
Iways positive. Thus we may remove
(This is one of the reasons that the
s they are.)

w, however, in the range of values chosen for 8,cos fisa
absolute value signs from cos 6 in the denominator.
ncipal values of the inverse trigonometric functions are defined a
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Then the cos 8 terms cancel, and the integral becomes
at f sin* 6 40
By application of integral formulas 299 and 296, we integrate this to
—a‘ﬁeﬁg - 3%ﬂ'c:os(-),sin 6 + 3%46 +C

We now must perform the inverse substitution to get the result in terms of x. We have

0=sin"t X
lal
sin )
|al
Then
== z 7 .3
cosf = +./1 —sin?0 =+ /1 —x—2= +¥E - X
a la|

Because of the previously mentioned fact that cos 8 is positive, we may omit the + sig
The reverse substitution then produces the final answer

x4 —— —~5——> 3a* x
f“dx = —ix3/a* — x2 — %azx\x'az_ -x 4+ —sin~' 2 4
Jat — x? 8 la

Any rational function of x may be integrated, if the denominator is factored into linea
and irreducible quadratic factors. The function may then be broken into partial fractions
and the individual partial fractions integrated by use of the appropriate formula from th
integral table. Sce the section on partial fractions for further information,

Many integrals may be reduced to rational functions by proper substitutions. For example

tanx
z=tan=
2

will reduce any rational function of the six trigonometric functions of x to a rational function
of z. (Frequently there are other substitutions which are simpler to use, but this one will always
work. See integral formula number 484.)

Any rational function of x and \/ax + b may be reduced to a rational function of z by
making the substitution

z= . /ax + b.

Other likely substitutions will be suggested by looking at the form of the integrand.

The other main method of transforming integrals is integration by parts. This involves
applying formula number § or 6 in the accompanying integral table. The critical factor in
this method is the choice of the functions # and v. In order for the method to be successful,
v.= fduand | v du must be easier to integrate than the original integral. Again, this choice is
largely a matter of intuition and experience.

Example :

fxsinxdx

Two obvious choices are u = x, dv = sin x dx, or u = sin x, dv = x dx. Since a preliminary
mental calculation indicates that Jvdu in the second choice would be more, rather than less,
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nplicated than the original integral (it would contain x2), we use the first choice.

Uu=2Xx du=dx
dv = sin x dx D= —COSX
J‘xsinxdx=J‘udv=uu—J.vdu= —xcosx + J.cosxdx

sin x — X o8 X

course, this result could have been obtained directly from the integral table, but it provides
imple example of the method. In more complicated examples the choice of u and v may
t be so obvious, and several different choices may have to be tried. Of course, there is no
arantee that any of them will work. : '
Integration by parts may be applied more than once, or combined with substitution. A
rly common case is illustrated by the following example.

Example:
J e*sin x dx
Let
u=e Then du = e dx
dv = sin x dx v = —COoS X

J-e"sinxdx = f udv = uv — j vdu= —e*cosx + fe"cosxdx
In this latter integral,
let u=e* Then du

e dx

sin x

dv = cos xdx. v

J.e"sinxdx = —e*cosx + .[e"cosxdx = —e"cosXx +J'udv

—e"cosx + uv—J‘vdu

—e*cosx + e°sinx —Je"sinxdx

Chis looks as if a circular transformation has taken place, since we are back at the same
ntegral we started from. However, the above equation can be solved algebraically for the
-equired integral :

fe"sinxdx=%(e"sinx—e"cosx)

In the second integration by parts, if the parts had been chosen as u = cos x, dv = €" dx,
we would indeed have made a circular transformation, and returned to the starting place.
[n general, when doing repeated integration by parts, one should never choose the function
u at any stage to be the same as the function v at the previous stage, or a constant times the
previous v.

The following rule is called the extended rule for integration by parts. It is the result of
1 + 1 successive applications of integration by parts.
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If

£.(x) = f g dx, gy = f 2,00 dx,

g:00) = f 89 dx.g) = [ 800, ..,
then ’
[ 169-gtx1dx = 198109 = 109 £330 + 7761 50) — 4 -

+ (= 1 (x)g, s 1(x) + (= 1+ ff("“%x)gm(x) d

A useful special case of the above rule is when f(x) is a polynomial of degree n. The
St (x) = 0, and

ff(x) g0 dx = [(x)- 81(x) — f(x) - 82(x) + ["(x)- g3(x) — + -+ + (= 1) n)g,, (x) +

Example
If f(x) = x2, g(x) = sin x

fxzéinxdx = —x%cosx + 2xsiix + 2cosx + C

Another application of this formula occurs if
f"(®) = af(x) and &"(x) = bg(x),

where a and b are unequal constanis. In this case, by a process similar to that used in th
above example for [ e sin x dx, we get the formula
x)-2'(x) — Ff'(x)-
[rogtyax < TEW =S89 | o

b—a

This formula could have been used in the example mentioned. Here is another example.

Example:
If f(x) = e** g(x) = sin 3x, thena = 4,b = —9, and

e2x

+ C#E(Zsin3x —3cos3x)+ C

The following additional points-should be observed when using this table.

S 3e**cos 3x — 2 e**sin 3
fez"sm Ixdx =2 co' _xg_ 4e Snox

—

. A constant of integration is to be supplied with the answers for indefinite integrals.

2. Logarithmic expressions are to base e = 2.71828 ..., unless otherwise specified, and are
to be evaluated for the absolite value of the arguments involved therein.

3. All angles are measured in radians, and inverse trigonometric and hyperbolic functions
represent principal values, unless otherwise indicated. -

4. If the application of a formila produces either a zero denominator or the square root of
a negative number in the result, there is usually available another form of the answer which
avoids this difficulty. In many .of the results, the excluded values are specified, but when
such are omitted it is presumed that one can tell what these should be, especially when
difficulties of the type herein mentioned are obtained.

5. When inverse trigonometric functions occur in the integrals, be sure that any replacements

made for them are strictly in accordance with the rules for such functions. This causes
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tle difficulty when the argument of the inverse trigonometric function is positive, since
en all angles involved are in the first quadrant. However, if the argument is negative,
secial care must be used. Thus if u > 0,

. L 1
sin~tu = cos” /1 — u? = cse™ -, ete.
u

lowever, if u <0,
i - 1
sin"'u= —cos” /1 —ut=—m—csc 12 etc.
u

ee the section on inverse trigonomettic functions for a full treatment of the allowable

ubstitutions.
n integrals 340-345 and some others, the right side includes ex

Atan~'[B + Ctan f(x)].

-1 does not necessarily represent the principal value. Instead of
h of the inverse tangent function, one must instead
t function upon which f(x) lies for any particular

pressions of the form

n these formulas, the tan
iiways employing the principal branc
ise that branch of the inverse tangen

*hoice of x.
ixample:
x 4n
2tan= + 1
o _imn—n an2+
o 24sinx /3 J3 do

_;2tan2n +1 _;2tan0 +1
—tan

) _3["'“ A T]

2 [l31t 1:] 4 4./3n

T ALs 6 ol
ire
tan_|2tan21t-§—l=mn_,_l_=E£
e

nce f(x) = 2n; and

_y2tan0 +1 _ tan"—l—=£,
V3 Yairs
nee f(x) = 0.
B, and E, where used in Integrals represents the Bernoulli and Euler numbers as

defined in the tables contained from pages 408 to 414.

-

'y
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INTEGRALS

N

ELEMENTARY FORMS
1. fa dx = ax

2, ja-f(x)dx = aff(x)dx

. «
3. f¢>(y) dx = <ISLy)dy where y' = Q
dx
4. f(u + v)'dx = fu dx + f vdx, where u and v are any functions of x
tt7
_ 64
s. fudu = ufdv —fudu = up — fvdu
{
dv du e
6. fuadx =uv — fvadx
xn+1
7.fx dx=n+1, exceptn = —1
Y f(x)dx !
8 [L90% oo i, @) = rean o
S(x)
9. f— = logx
f(X)dx

Jx), () = f(x)dx)

2J/f(x) S
ll.fe"dx=e" Q"l/.x @ _XQV‘
12, fe“" dx = ¢**/a J‘Xn /'Z/

13. fb,""dx = alc:;b’ (b>0)

e

ht e+l

14. flogxdx =xlogx — x

dx 1 X
=~tan~ " —
a a

15. fa" log adx = a*, (a>0)
5\(

16. | ——
6 a® + x?
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INTEGRALS (Continued)

—tanh™?!
A
j‘ dx r "
= T
=t 1 +
a
—log (@® > x?) 2 !
2a a— X
—Zcoth™! b
a
J‘ dx .
= r
x? — a?
1 x — o > %)
el , x
2 gx +a \
sin’l—— = D\ T
o lal
[t i
va —Xx x
oy =, (@2=x%)
jal
hd dx / /
! J = log(x + v x? + a?) ¢
/x* + a N
y
J‘ dx o
= = —sec ' —
x/x* —a* ld
X 1 a+ Ja? £ x?
[ e
xa® £ x* x

FORMS CONTAINING (a + bx)
a + bx

For forms containing a + bx, but not listed in the table, the substitution u =

1y prove helpful.

L la+bxytt B
3. j(a+bx) e 1)

4. jx(a + bx)" dx

1 +2 g +1
= (AL LR : A, —2
Bn + 2)(0 + bx) b + 1)(a +bxytt,  (n# )

1[(@ + bxy*? (a + bx)"*? (a + bxy*!
2 n i e - 2= e
Zs.jx(a+bx)dx——b3[ w43 2a w2 +a S
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INTEGRALS (Continued)

xm+la+bx"' oI
L %) t ————— | x™(a + bx)" 'dx
m+n+1 m+n+1

or -

1
_[_xm+ l(a + bx),,+]

26. f x™(a + bx) dx = T

+(m+n +A2)fx'"(a + bx)y"* ! dx

or
— e m nt1 m—1 "
blm + 1 + 1),:x (a + bx) mafx (@ + bx) dx_

dx 1
27. J‘a + bx =Blog(a !

28 J‘ RO T 1
"Ja+bx? " ba+ bx)
dx 1
29. f (@+bx)* ~ " 2b(a + bx)?

1
b—z[a + bx — alog(a + bx)]

x dx
30. fa + bx - or
E— b—az]og(a + bx)
xdx 1 .
o [ st b0+ =
xdx 1 -1 a
= (@ +bx)" F[(n__ D@+ b2 (n= 1)(7+—bx)"—_1-], n#12

x2dx  1[1
33 J‘ atbx 173[5(“ + bx)? — 2a(a + bx) + a* log(a + bx’J

x2dx 1 2
) e = ~ 21 bx) —
34 @+ bx)*>  b? [“ + bx — 2alog(a + bx) . bx]
© x?dx 1 o a2
. —_— = — ] 1 b i —_ -
. (@ + bx)* ba,: R a+bx 2a+ bx)z]
36 x*dx 1[ =
“Ja+bxy B (n — 3)(a + bx)"3

2a az

* (n—2)@+bxy 2 (‘,,__1)(Q—+b—x).,-—1]’ n#1,23
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INTEGRALS (Continued)

J‘__dx___ 1oa+bx
x(a + bx) T oa s
J‘ dx _ _1 . L a + bx
x(@ + bx)*  ala + bx) a’ x
J‘ dx 1[1f2a + bx\?
— log
x(a +  bx)? T @32\ a+ bx a + bx
J‘ dx i 1 " Elo a+ bx
" J x%a + bx) ax a* 2
dx 2bx —a b? x
N =g + o8
x3(a + bx) 2a°x a a + bx
‘ J‘ Cdx a+2bx 2b.  a+ bx
") x¥a + bx)?  a’x(a + bx) x

FORMS CONTAINING ¢* + x%, X3

dx 1 o
5 .[cz +x2=ztan s
i
4, J- —ogc+x, (c? > x?)
2 —x 2 c—X
dx 1 x—c
5. =—1lo 2 A
sz—cz 2c gx+c’ (=Gl
x dx 1
6. | 5—— = 2
jcli 2log(c + x%)
WJ‘ xdx .
* (CZiXZ)rHl ™ 2n(c2ix2)"

o [ by =3 D

1 X

[(c_z Ty

—C

dx
=9 [

dx 1 x dx
0. - iR e Lo ¥
3 I o2 — Ay 2c%n — 1)[ oyt ”J o — cZ)"—l]
1
50. j :‘dx ;=5 log(x? = ¢)
xdx 1
s1. J‘(_XZ 2)n+1 - 2n(x2__ c )



52f

53.

54.

55.

56

57.

58.

59.

60

61.

]
[
J

3

5

J

J

Calcutus

INTEGRALS {Continuecy >
FORMS CONTAINING ¢ + bx

u=a + bx, V=c+dx,
Ifk=0,thenv=£u
a
1 u)
k
xdx 1
E=E[ log (u} — ]03 (U)]
dx dlo )
k g
xdx_—a cl v
v bku k2 Ogu
x?dx a? 1 c? alk — bc) -
wo  bla T [log(v)+ b__Og(u)J
dx 1 -1 - )
"™ k(m—l) y1om-1 T Mt — )bfm
bx &k
dx—7+d210g(v)
_1 um+1
k(n—l)["l+b(n " z)fv"‘xd
or
u"dx -1 u”‘-+ kJ‘u’"‘ld
v d(n—m—l) st T x
-1 u”‘
b
d(n—l)[" o f ]
FORMS CONTAINING (a + b)c")
d x/a
e tan-! . (ab>0)
a + bx* /ab
a+x\/ (ab
a
2,/—a a—x,/—a =0
dx _4
a+ bx? or
1 /—
tanh=1 X ab, (ab < ()
/ —ab a

W e —,]
x]
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INTEGRALS (Continued) N
dx 1 _ bx
—3 —tan
+ b"x ab a
f;%x’ _ Liogla+bx)
i SR edy o
T bx* b b)) a+ b’
_1_15_ _ X 1 dx
a v br e + ) AT
. fj_x I "1oga + bx
2 — bx? ab - a—bx
1 x om—1 dx
2ma ((_1_-\_—_1;)62)"' 2ma S (a_+_ bx?)
dx
S(a o o =
(Zm)‘.ix P — D 1 dx
m? 70,2 @ )"'"(Zr)‘((i:— oy (4a)’“5 a + bxl
x dx 1
5 @+ b 2bmia + bx")
x2 dx —X A dx
S @+ b’ ambla + bX*V" 2mb5 (@ + bx?)
b S dx _Liog i
x(a + px?) 22 4 + bx?
dx 1 b dx
M —g a + bx*

hx samia + bx
72 — or
x{a + bx*Y 1 - 7 <
m+1K'Z ____Pir+ g Z-E
24a ,=1r(a+bx a + bx
7 S il ,,,§ oL ng_ Cdx
x*(a + b2yt =2l x*a+ byt ad @ T bxA"™"
dx P, (k+x Cax—k iﬁ
74 S _Kl g3 e b i
T bx® e & + 3t k3 y \ b
dx 1 a + bx 2x — kX k ?1\
= + J3tan 1 k= 7
J3 T .



. - -
p

sz ./ Ltk %7 %
d% = { [61] ~7
~ X
83 [ NN
i m <1 < Y.
x4 = 4} IOg( >
a Z
+* 54“! U~

Zx ) 1+
X(@ + by < £ /

1
q;log X7

dx 2t Py
85./—
(d+&;_'97'7?}‘§1

X7 dx +b¢l"’)n, \\6
“Jta- Q
¢ mpety T~ 2
Aa + bx”) (a.\-‘ & (q\* ih{}
ka 6"(”)1: ~ \a 6_;"{
7. f— ZE7 bi bj; I
i Xmﬂ—_;_m = < Q ™, _\f'
(@ + bx7) ‘7./4‘:;;“-Hd“\” *6_".;’%-
@ Q;”F 5 Do,
a
BN .
N
&
o\
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INTEGRALS (Continued)

x%dx o 1.
(c3 + x3)r_|+1 - +3n(c‘3 + x3)n
dx 1 x3
g S =
77 fx(c3 +x3) 33 %83 + x3

1 1 x3

98 f & +—1
s ss = —— F—log ——
x(c® £ 53 33 + x3) ' 36 P + x3

99 J‘ dx _ 1 + 1 f dx
“dx(e £ 3T T 3pcd(ed + 3y A x(e® + X3y
100f dx _ 1._1J'xdx
TlxH + XY x + c3Jed+ 3
Tdx- 1 dx 1 xdx
tor. | | S CET YA

FORMS CONTAINING c* + x*

1 2 2,
102.f dx [] x* + ex\/2 + ¢ + tan~! cx\/-:,

et + x* 2c3f 2 —ex /2 + ¢ 2 — x?
dx 1 (1L c¢+x X
! =—|Z10g " 4 tan—1 ¥
103 et —x* 2c3[2 B _xtEn c]
104 f—x‘ix LI
CJet +x* T 22 c?
x dx 1 c? + x?
105'fc“—x“=?0gc2—x2

106.f—f2d" -t [1 ¥ ooxy24 e c"‘/_
A+ xt 2. /212 Tt 4 oex 2 + ¢? c? — x?

x2dx 11 c+x x
) = ] slogf X _tan—1 X
17 fc"'—x 2c [2 %82 an c]

x3 dx
108. f& s izlog (c* + x*

FORMS CONTAINING (a + bx + cx?)

X=a+bx+cx?and g =4ac — b?

b 2
If g =0, then X = c(x + 2—0) , and formulas starting with 23 should be used i

place of these.
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INTEGRALS (Continued)

-2 tanh"zcx+b
v =4 ~ —4
J‘dx
— = or
X
1 2 b—+ -
2 cx+ (q < 0)
v =4 20x+b+.,/
d_x=2cx+b+2_c dx
X2 qX q) X
dx 2cx+b 1 3c) E dx
x> q \2x? X
2cx +b+2(2n— 1)e
ngX" qn X"
dx
. JW= or

o
v

~a
.

@em'e\"[2ex +b & [ ¢ (r - I)Vr‘ dx
(MVﬁ){ q éﬁhX)( (2n)! )+fiﬂ

[ Ly 2 [
2¢d X

i J‘xdx bx +2a b (dx
»JxT T gX gl X

xdx 2a + bx b(2n—1)

J.?"Tl__ ngX" i rE X"

jﬁdx=i i’ logX+——b2—2aC d—{

X ¢ 22 2¢2 X

x? (b* — 2ac)x + ab  2a [dx

[a=" zrer 2

X2 cgX X

xmdx sea=t n—m+1 b (x™ 'dx
JW_—(ZT—rr:I)TX" m—m+1 c) X!

m—1 a [ x" 2dx

+___.._. _—
m—m+1ct X!

el et
xX 2a X 2alJ X
x2X 2a* T x* ax 2a> a)J X

J‘ dx 1 b (dx IJ' dx
2. e R
X" 2a(n — NX"' 2aJ X" al xX" L
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INTEGRALS (Continued)
f dx 1 n+m— 1 bJ' dx

3. = — . - . o o
12 men+1 (m — l)axm—lxn m— 1 a m_IX"+l

2n+m—1cJ‘ dx

m—1 a .xm—2xn+_l

FORMS CONTAINING ./a + bx

— 2 —
124. f\/a + bxdx = 3—b\,.-'(a + bx)?

2(2a — 3bx)/ (a + bx)3
15h2

125. fx a+ bxdx = —

2(8a% — 12ab 15h2x2 x)3
126. J‘xz,' /a + bxdx = (8a (2B ‘;051)3 W (a - (a+ bx)

2 — =
m / 3 _ m—1
bom + 3) l:x Vi@ + bx)* — ma fx Ja+ bx_dx]

127. J.x'_"\fa + bxdx = or

Vs td m[( a)m—r
_b—...rl\.-a+ ; o — PG F =

( a + bx)r+1

/. b =
128. J“ LA xdx =2/a+bx + af
x

dx
x/a + b;c

129. f\f;atbxdx? _ a+bx+é .dx__
x X 2J) x./a + bx

130.

m—1

P/’a +hx 1 [\.r"(a_ + bx)? L (2m — 5 f\ﬂ bx dx]
X

x™ x (m — 1a Xl 2

d 2/a+b
131.f,"_ [a + bx

a+ bx b
‘ 22a — b
132 f "idx - 2 3 —x)\;’a + bx
v a+ bx 3b

2 2(8a% — dabx + 3b%x?
133.]_’”1" (8a® — 4abx + 3 2w

Ja+ bx 15b3
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2 x™ " Vdx
—_— x"',/a+bx—maf ]
@m + 1)b[ Ja + bx

x™dx
34. '[— _—b_ = or
J/a+ bx

2(—ay"/a + b i (— 1)’m‘ a+ bx)'

[y 2r + Dr!(m — — i

—Llo (Va+bx—\/§) (a>0)

dx
3s. J.— — = g )
x/a + bx ,/a+bx+\/5
2 a + bx
36. f = tan’1 , (a<0)
X_+bx —a —a

_\/a /a + bx

7. J Tl J'
a + bx ax  2a) xJa+ ¥ bx

a+bx (2n—3)bJ‘

Th-Dax"' @2n—2alxJa+ bx
or
dx | @n=-2! Va+bx" 1r'(r-—l)'( i""“
8. | Jasbs |- 1)!12[ PR 7

n—1 x ]
I (B2 j_
( 4a x/a + bx
2+n

_ 2a + bx) 7
b2 +n)

139. j (@ + bx) dx

(a + bx)3 a(a + bx)
140. jx(a + bx) dx = 2[-4—-_}-n— 2 n :|

dx 1 dx b dx
141. Jl——..; =k '[— — = = —J- 3
x(a + bx)z  9¥ x(a + bx)T aJ (a + bx)?

n n—2
7 n— bx) T
1. [ DI _ b [+ b7 ax + «f® L LR
X

2 _
143. Jf(x,,/a+bx)dx=%ff(z a,z)zdz, (z =+/a + bx)
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FORMS CONTAINING ./a + bx and Ve +dx
u=a+ bx v=c+ dx k =ad — bc

Ik =0,then v = Su and formulas starting with 124 should be used in place «
these.

v

li_tanh 1 v/ bduy ,bd>o0, k<o
\/[;1 bv
or
144 fi:-;l L tanh ! Vbduv,bd>o,k>o
oo~ | Je2 du
or
1 b / bduv)?
(—10 Gv + VhdwY s o)
\ /bd v
2 N/ —bdw
\ tan ‘
| —bd bv -

145. J‘d_x = or
Juv

! sin_‘(zb—dx +ad +3€) (bd < 0)
 —bd L] ’
k + 2b1,
146.f\/ﬁdx= S Jur — 8bdfﬁ
g = Vi
, Ja ®au+ Jid
X

147. f— =

l,\/';; or

_ 2
Llog (df—ﬁ)-, (kd > 0)
| Jkd o

dx 2 . d/u

148, tan ' —Y— |  (kd <0
va " o %<0

149, J‘x_dx _Vw _ad + ch‘

N 26d ) fuw

dx -2
1s0, [ 4

v\/;; kv
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INTEGRALS (Continved)

~l_c_J‘dx
2b\/,E

2. f\[dx—lvlf”dx

3. _[mfdx (2m+3)d( '"“f+kf” dx)

m.j%:

-l [
b(2m2+1)[ ”_mkjf]

V™ dx

s

56. f\f}z
d
57. f—_._—_
Jxita
d
58. f =
X

59. J‘

z(mv)2f ( 4k)"' "en!

b(2m + !> b (r')2

FORMS CONTAINING ./x? + a®

+ atdx = ix /x2 +a® +atlog(x + /x> % a?)]
A" W

- =log(x + Jx? + a?)

1 X
=_—sec ' —
x2—a* |ld

/x? — a*
l61.J" dx = /x* —a® —|ajsec™! =
x
x dx —
162. | ———— = /x* £ 4
Jx? +a?

0% 14l F
eoa &
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INTEGRALS (Continned)

JE—— | P
o f\x"(xz +a?)3dx = Z[x\.'(xz +a®P +

3a2x o2 [ a2
—Z/x*+a

4

3a - —.
+ Tlog (x+ x* +a*

165 f . ix
VR +a  afx ko
166 r xdx _ ~1
- J JV(x* + a?)? \&Z ta®
167. fxxr’?xz + a?)3dx = 1/(x? £ a8
168. | x3/x7 2 atdx =X /7 & P ¥ Ln P 1 a2 “ /x? + a?
XoNXT Y=gy x g vx ra —gog(x+\-x t af)
169. f XX+ a?dx = (x? - %a%)/(a* + x?)
f _’_ '3' 1 | -y A 2 T~ — N
170. J‘x*‘\;’ x*—atdx = » (x* — a?)°® + a?\, (x* — a?)?
x*dx X o a? ———
171. f\’m = 5\ x*ta*F 3log (x + \._."x2 + a?)
x3dx —
172._[ ==/(x2+a*P Fat /x? + a2
\.’_xz i‘ az 3\' ( ) W Tra
) dx _v"(x_zi_z
173. f YT =4
x“/x" +a a“x
dx x? + g2 /x® 4 g2
174.f—_ — = V2 T8 gl itV td
x3/x? + a? 2a%x? 25 % x
v dx /x2 — g2
s, |- _V -1
"_3\:__..‘2 iy .{]2 2a2x2 + 2, 3| seC
———— x S R =
176. fxz\, (x* + a®)Pdx = g\;’(r? +aPF 74—\;"(x2 ta?) - —= /x? + 4
_at —
F Rlog (x + /x* + d?)
177 [/ £ P dx =L ST 2 £ & ST 1 oty
. v + —7\/(x + a?) 5—\_e(x + a?)
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J=3 2 /o2 2
‘ /x* + a*dx /x* + a ’
8. J‘ = =N x“ + log (x + /x* £ a%)

9 J'V/xz + a? = _\;’3:2 +a ilo a+ Jx2+ a_z_
) x3 2x? 2 8 x
0. J‘y:&i’dx _ E—a L
x? 2x? 2la|
VXt a’ S _Jo2 xa?)P
3a2x?
x2 dx —x —
82. J. — =— +log(x + /%% + a%)
N T L i
34 2
B J X AP trd f,a—
J632 £ a?) NE
84J. : __Lloa+\x2+a_2
[ +a®)? aiJ/x*+a a® x
1 1
85 j — = — - —5sec”!—
x/(x 2y atJ/x* —a* &
= I dx B l[vxziaf % _]
) x2J/(x* + a%)? a* x Jxt +a
- j ix 1 3
")+ @) 2a2x%/x% + a* 2a*/x* + a?
3 +J/x? + a?
2a x
1 3 3
lss-j—,—x——= —_— ;'——_—_S—SCC_1i
3 J(x* —a?)? 202x2/x? —a® 24 /x> —a 2|a| a
— dx 2 =
xz"' Q2m)! [ P m 1)
190. | ————=dx = 24 2
Jx? ta? 22m(m)?[ Y g

+ (Fa¥)"log(x + \__,-;z; ai)]

xam+1 — 2 m)* . smer2r
101, J’ dx - v/xz 71 'Z:O o 1)!(r!)2(+4a2) x2
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193.

194.

19s.

196.

197.

198

199

200.

201.

202.

x2m+ 1

J-(X _—a)\fxT T(_l-i

(x + a)/x? — a?

. 1 R
J'\I.az iy — E[x\__,-az i U Sin—lli]

J‘_ dx
[ — x2

dx

'

Cm![/x* + a® = ) ri(r — 1!
e Rl ] e I E ) S g
v
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INTEGRALS (Continued)

(m-2) dx

/.2 2
vxita® _ (m-2)
I s T
m — Da m-2 [ 2 2
( ) X N =

(m — Da*xm~1 i

m—1 2m—-2r—1
3 "o — )mi(2r)122m-2r
/x% + a2 o Sl
e ,go r)’2m)(Fa?ym 2+t

Jxr—a  (m)?

dx

dx

S x
k ff(x, VX% —a?)dx = aff(a sec u, a tan u) sec u tan u du, (u =sec 12,

az = 2(2ma2)m—rx2;
(—1y+! \-;)—‘ZTaz +
22_ma2m+ 1 log ~ _x = ;
I N L ek
a 2020 (4a)
‘ e
ZTmIaW sec " —
N x2 — g2
- ax — a)
ENCEY,
a(x + a)

» ff(x, S % + a_z)dx = aff(a tan u, a sec u) sec? u du, (u = tan“f,a > 0)
' a

a

a>0)

FORMS CONTAINING . /a? — x?

q

1

.4 X
sin _—
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2 _ 2 2 _ 2
— + / —
03. ML xdx——\a - x* —alog(a xa_x_)
X X
x dx —
—= _=—\.ra2—x2
\; a” — x
05. J.x\.; 2 — xdx = -3 /@ — x2)?
— 1 m———  3a’x j 3a*
06. J‘Vf‘((az — x?)}dx = Z|:x\,.f’ (@® — x** + %\;’az —x? + —;—sin~1 l-Z—l]
d
oy, [—2 =2
(a X @ Ja — x*
J‘ xdx 1
'08. T = 25 /a —

209. J. x\,-"(_a2 ZxPdx = -1y a® — x*)°
y 2| 5 x
210. fsz @ — x*dx = —5 /(a — %P+ = x/a? — x* + a? sin"l——l
a

211. J-x:‘\f'rat x2dx = (— ix? — &a’)/ @ — x?)

" 1
212. fxz\;'(az x2)?dx = - fa® — - x2P + 24\, (a 2P
6
@ Jat — 90 g =n X
+ 16> a x2 +16sm ial

Y o e
213. Jxa\,-"(az — x%)3dx = 7\,-’(72 —x% - i-V"’(a2 = s

5
2 2
X dx X — as . _ . X
ma, | = -2 /a® — X+ sinT
\.I,-’aZ — x2 2 2 |al
dx a? N2
215. [ = S s -
x/a* — x* a’x
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Caleulus 3
INTEGRALS (Continued)
x2dx x U ;
5 = — —sin~!—
Ja@ =X i lal
x3dx 2 | e E—
J._a_z—x’ = —§(a2 = xt —x}a? - xYt = ==3V /@ — x¥(x* + 24%)
v -
3 dx x2 az
£ 2 a” — )t + s = —
Jar =y T g g e Ve
dx a? — 1 Ja? — 32
J‘ _ \/ x? N —sloga +./a - x°
x3 ’raz - x 2(1 . 2a X
f dx _ l] a+./a® - x2
J‘ _ dx [ Ja? - x? x
Vit = d x a? = x?
J‘ dx B 1 3
x3/(a® — x?)} 2a’x2, /a® — x? 2a‘\,"}12 -x
=3 gttt Ve -«
245 % x
J_‘ x™ i xm-1 ”"az—x (m—l)a "' xm—2 )
—_— — = — _— — X
Jat — x? m m Jat - x2
J’ e _ (2m)! JE Z riir — 1) RSP
\aT_ xZ (ml)z 22m 2r+l(2r)|
N a2ll| . X
——sin”! =
22m Ial
xim+1 T & 2D)m)?
dx = — S22 4 2 —ry 2r
f\_fa —e T VT Lem+ et
J‘ dx 1 V-"lc_zz - x? m=2 J‘ dx
x"./a?* — x? m — Da*x™"1 " (m —1)a? ) ym-2 Ja* - x?
f ax _ /72 3" (m — 1)Im)(2r)122m-2r—1
emfat =t Y PSo () 2m)la?n g2
f dx _Cmi[ i —xr ey
xm+1 Jg? —x2 - (ml)? @ 2220 (4a?

+

1 - Ja* —x
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INTEGRALS (Continued)

3 J‘ dx - 1 log (b\_;"aZ__x2 + x\,"aT_ b2y
e - xA e~ X 2b/a® - b’ b? — x2 ’
(a*> b?)
d 1 _,.f’bt 2
133, = a2 P> )
(b2 — 2) /a? —x2 bb? —ad’ b a* — x*
dx h 1 e x\x"_(_lz + b2
(B* + x?)/a* — x* b a® + b2 bx."at x2
l,-r_ = I'— " i —
235. J“—'Zaz__ x: X = \’jazibz- S = ,azi oy Sy
1Bl lal/x* + b* |al

236. ff(x, \/atx_z)dx = a'[f(asin u, a cos u) cos u du, u= sin“%, a>0

FORMS CONTAINING ./a + bx + cx

4
X=a+bx+cx2,q=4ac—b2,andk=—c
q

Ifq = 0, then /X = /¢

1
——clog (2/cX + 2cx + b)

237, .f —% < or

+ 2]
. 2¢

2cx + b
——sinh ™! R (c>0
\/5 Ja
 2cx + b
239, J‘ 2(2cx ; b)
2(2cx + b){1 )
240. — + 2k
f XX /X X

22cx + b)\/_ 2kin — 1) [ dx
(2n — l)gXx" n—1 Xn~l\/§
241. j "d\;_ = or
X'vx Qex + b)@a(n — DR~ ncl (20!
R ING S @kXY(r))?
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INTEGRALS (Continued)
_QRex+b/X 1 f dx
242. fﬁdx = * 5 v
_ Qex +b)/X 3 3 J- dx
uleJEu_ — 5 X t3 tam N
: Qex + b1 /X SX
. | x? == TNV x4 22
. fX VX dx 12¢ T 8k2 16k3f
Qex + X" /X 2+ 1 vt
4n + 1)c 2n+ k)X VX dx
or
245, f X" /X dx = @n+2)! [k(Zcx_+ bVX Z ri(r + 1)1@4kXY
[(n + DT 4k)+! c o (2r+2)!
J‘ dx:'
+ —
JX
2146, [ X2 _ VX
f X c 2cf
b
247 J‘ xdx _ _2( x+2a_)
X/X q\/—i.
248 J‘ xdx VX ﬂf dx
“Jx/x (@n —DeX"  2¢) x Jx
x2 dx x 3b 3b% — 4ac [ dx
) == - |/x — | &
249 J. /X (2c 4c2)\/—+ 8c? f\/}
250. f x*dx @ - 4ac)x + 2ab f
X\/_ cq
o f x*dx _ (2b> — dac)x + 2ab _ dac + (2n — 3)b? f dx
' X”ﬁ @n — DegX" 1 /X @n — 1)cq X1 /x

3
252. dx

&
j‘x dx

253,

(xz 5bx 5b2 2a 3ab 563 )J‘

3¢ 12c2 8c3 3¢? 4¢? 16¢3

1 01X - @n - l)bJ‘ x" " ldx (- l)aj‘x"*zdx
2nc \/} ne \/)_(
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INTEGRALS (Continued)
dx

" "“f b (o
36. Jfodx o ZJ‘X\/de

+ 3)
2 N _glzx\/— 5b2—4acJ'
T f VX 8 (x 6c| 4c 16¢2 VX dx
2 /aX + bx +2a
SSI ~_log 0
Xf \/a * (a> )
dx 1 bx + 2a
v J-_—=’—Si“_‘(———), (a < 0)
/X J-a V-4
_E\_/_X’ (a= 0)
X b dx
'61. o VA
j ax  2alx/Xx
RS
\/}dx \/} b dx ix
263.J‘ . =___+_J cf—
e x 2 x/x JX

FORMS INVOLVING ./2ax — x>

e — ¥ 1 — —_—t—— . —_—
264. f\ 2ax — x*dx = 5[(x — a)\2ax — x* + a*sin”’ - ¥ a]

_,a-—x

cos

|a|
dx
265, | ——= = =
J2ax — x

. _,Xx—a

sin

|al
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INTEGRALS (Continued)
X""'Q2ax - x*}  (2n+ 1a

e E R R i — x4
n+ 2 n+2 fx X = X

266. f x"/2ax — x? dx = or

o S n+1 n 1{rN2n—r+1
o le:x _ oy @i heer
n+2 L5272 + Din + 2)Mn!

(2n + 1)!a"”s. X =
— " §inT1
{ 2"nY(n + 2)! |al
Max — x2 — x2)E - Rax — x2
27, J’\_._Zax ~ Xx= v (2ax x_) n _3 v 2a'x_ x* .
(3 —2nax"  (2n — 3)a x" 1
[ — 2ax —x? a(2n -1
A — dx
no 2ax - x?
268 J‘ ) x"dx _ or
“J ax — 2
Veax — x T xTi Cnirir — Dta™~r |
- J2ax — s a X"
¥ <1 27720 ()
@n)la"  _ x—«
)"
J2ax — x? L 1 J‘ dx
a(l —2nm)x"  (2n — 1)a x"‘l\_-'2ax — x?
269 f 2 or
") Pax — 2
xiyidax = x ar = 25 2 = DiniR)Y
VT Rn e
270 f P
" Qax — Xt a?,2ax — x?
m f 1 I
) (2ax — x*3 a./2ax — x*

MISCELLANEOUS ALGEBRAIC FORMS

272.f =log(x +a+ 2ax+x)
2ax+x

x
273.f ax® + cdx = = _/ax? +c+—lo X + Jax? + >0
B N7 gix/a+ Jax* +¢0,  (a>0)

w3 e

274.f lax® + cdx = 2\,ax +c+



75. f

76. J .
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INTEGRALS (Continued)

1+ x
1 —x

1

x — 2

1 —x

\m 4 __»\/E
\f-a? +c+ \/C-

=sin~

1
1
At

= or

dx

£

2 Jax" + ¢ -

—1
N

> 0)

d 2
77. | — x— sec™! ax" (c <0)
Xy, Jax" + ¢ n/—c - s
dx 1 ——
78. — =—1log (x\/c; + Jax* + ¢c), (a > 0)
Jax* +¢ . Ja
d
79. f & sm ( /——) (@ < 0)
ax + c
2 m+4 2
x{ax* + ¢) @2m + 1)(:J‘(wc2 b o dx
2Am + 1) 2Am + 1)
or
r 2 @m + DUrHH2e™ "
) 2 m+ 3 = / 2 = 2 r
80, f(ax + c)"tidx xJax? + crgo T2 g tm + DI@r + 1)!(ax + )
@m + Dic™*? J‘ dx
22+ Unm + D! _Jax® + ¢
(ax?* + oy"*i
'81. 24 ontidx =
8 fx(ax + )" tdx @m + a
(ax? + co)"*# J‘(axz + oyt
= c|———dx
(ax? + ¢"+* 2m + 1 x
82, dx =< or _
i i L (S 4ot J‘ dx
/ax — _—
¥ o 2r+1 x/ax? + ¢
x 2m — 2

N

@m — Del@x® + of * +

or

2m — 1)_cJ.(ax2 +o

x m=192m=2r— Ly — 1)lm!(2r)!

JaxE + ¢ 120 @m)(r!Yem"lax® + of
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INTEGRALS (Continued)

: dx
31s. fcosﬁd f(secz”“‘ Yax)dx =
- sm ax Z @m)!(r)*
222 22y + 1)! cos?*+2 gx
1 2m)!
7 fz('"(Ln:')z log (sec ax + tan ax)
. sinfm — n)x  sin(m + n)x
N 1 d = e — rae —_— A 2 2
316 f (sin mx)(sin nx) dx 2 — n) 2m +n) (m* # n?)
s1n(m n)x  sin(m + n)x . 5
317. f(cos mx)(cos nx) dx 2(m 0 . 2m & n) (m* # n?)
o 1
318. f(sin ax)(cos ax) dx = 5 sin? ax
. _ cos(m —n)x  cos(m + n)x . .
319. f@m mx)(cos nx) dx = 3 m—n) 2 ('".T") ; (m* # n?)
1
320. f (sin? ax)(cos® ax) dx = — — sin 4ax + —
32a 8
) m cos"* ! ax
321. f (sin ax)(cos™ ax) dx = — (_m +T)a_
sin™* ! gx
5 in™ dx = ———
322 J (sin™ ax)(cos ax) dx m + Da

cos™ ! gxsin"t! "Lax

(m + nla
" f (cos™ % ax)(sin” ax) dx
m+n
323, f(cos"' ax)(sin” ax) dx = or
sin” ! ax cos™* ! ax
(m + n)a
-1 _—
el (cos™ ax)(sin"~ 2 ax) dx
cos™t 1 gx m-—n +2J‘ cos™ ax
(n — Dasin" " 'ax n-—1 sin”~ % gx
cos™ ax 3
324. f ———dx = or
sin” ax _
cos™ ! gx m—1 (cos™ 2 gx

am —n)sin" 'ax m—nl sin"ax
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INTEGRALS (Continued)

sin™*! ax m—n+2 sin"ax .
——— — | —= x
a(n — 1)cos" 'ax n—1 cos" 2 ax
sin™ ax
. I —dx = or
cos” ax = N
sin™ ! ax m— lj'sm"' zaxd
- — —_— X
a(m — n)cos" 'ax m —nlt cos’ax
sin ax 1 sec ax
'6. I —dx = =
cos? ax acos ax a
sin? ax 1. 1 n ax
7. dx = — —sinax + —logtan {— + —
cos ax a a 4 2
cos ax 1 csc ax
!8. _[ ——dx = — — = -
sin? ax asin ax a
dx 1
. | —————— =-logtanax
(sin ax}{cosax) a

ax
(sec ax + logtan —)
a 2

J‘ dx
* J (sin ax)(cos? ax)

X

[ - . Ny RO S
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32. J‘__—dx__ = = 1cscax + llogtan(E + 2{)
(sin? ax)(cos ax) a a 4 2
dx 2
& J (sin? ax)(cos? ax) ki ;COt 2ax
1
" a(m — 1)(sin™ "} ax)(cos"~ ! ax)
m+n-—2 dx
m—1 I (sin"~? ax)(cos” ax)
dx
34, J. — — = or
sin™ ax cos" ax .
a(n — 1)sin"~ ' ax cos"™ ! ax
m+n—2 dx
T on-1 J‘sin"' ax cos" ax

1
35. J. sin(a + bx)dx = — Ecos(a + bx)

1
J.cos(a + bx)dx = Esin(a + bx)

nax
st

136.

dx
137. | ———— = F -t
.[1 + sinax +a o
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338. f—d'E— =ltangf
1 +cosax a 2

d 1
339. ji" L PP
1 — cosax a 2

atanJ—c+b
——— tan~! =
Ja — b? at - p?
7340. J‘a +‘11>xsinx - or
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Tl & —
S atan5+b+\/b’—a2
> — b tan>
2 —1\/ 2
—— tan R
\/'az—bz a+b
d
*341.f x . or
a + bcos x | . X ,
] Vb —atan5+a+b
__| S I
/p? = g2 R Zepd e
Y a? b—atani—a_b

*342.J‘ X
' a+ bsinx + ccosx
b—/b*+c*—a +(a—c)tan;
;_.ﬁcz p lOg _x, if a2 <b? o+ 02’09&‘
v b+ /b +c? —a? +(a—c)tan§

1

or
x
= 2 b+(a—c)tan5
S el _ = LT,
7 _bz_ztan \..f"dz—bz—cz’ ifa*>b% 4 ¢
“or

ifa? =b>+cta#c.

1 a—(b+c)cosx—(b—c)sinx]
ala—~ (b —c)cosx + (b +¢)sinx |’

sin? x dx 1 ja+b a x
*3 - -1 o es
43. fa +beosix b o 'A0 ( ,a " btanx) b (ab >0, or |a] > b))

*See note 6 —page 336.




Calculus

INTEGRALS (Continued)

“-J‘ dx . Itan btan x
alcosix + b?sin®x ab
'SJ‘ coszcx A ;}—b2 o 1\f" +b2tancx iz
a® + b*sin?cx ab*c a h
sin ¢Xx €Os ¢X 1
6. j_——_ FR S o)1 i
acos? cx + bsin? cx *Z 2% - a) EElacosae iRl
ﬂ.J' coscx. x=J‘ dx—____
acoscx + bsincx a + btancx
1
c(?+—bz~)[acx+blo‘g(acoscx+bsi
i d
“J- . sincx x=J‘ dx
asincx + bcoscx a + beotcx
E(atbz—)[acx——blog(asincx+bcc
l_ gctanx+b ,/
2./b* —ac ctanx+b+ /b
(b?
;49.[ s dx ) or
* Jacos? x + 2bcos xsin x + ¢ sin® x ____tan “"_‘_nx_+b, (b?
Jac—b Jac—b?
or
1
b2 =
| tanx + b ( ac)
sin ax 1 n__ ax
x = + Ztan|~ F —
350. J.1+smax _x+aan(4+2
dx ltar{ s llo t
e ——— p— - — an —
(sin ax)(l + sinax) a 4+ a & 2
dx 1 n  ax 1 n ax
352. J'——_-—-= — —tanf- - =] — —tan®*{- — —
(1 + sin ax)? 2a n(4 2 6a i (4 2
dx 1 n  ax 1 n ax
353.J.—————=— tl- - = —cot} |- - —
(1 — sin ax)? 2a"° (4 2)+6ac0 (4 2
sin ax 1 . axy 1 noax
354.I = _dx=-— —tan|- ——| + =t 3(———)
(1 + sin ax)? x 2a n(4 2) 6 \a 2

*See note 6 —page 336.



Calculus 36

sin ax n  ax 1 n ax

sf Lea|t- Lo |T o
3y e 52 c (4 2)+6 cot (4 2

sin x dx dx
56 S S
3 J.a+bsmx bfa+bsinx

dx lo tanx bJ’ dx
(sin-x)(a+bsinx) a g 2 a + bsinx
bcos x . a . dx

o J‘.(a+bsinx)i—(a2—bz)(a+bsinx)+a2—b2fa+bsin)_c

‘COS ax

cos ax

J.(l — cos ax)2

J-(l - cés ax)? N

(1 + cos ax)? x

359 J‘ sin xdx . acos x N b J‘ dx
“J@+bsinx)? "~ (b* —aP)a + bsinx)  b* —a’Ja+ bsinx
*360. fidx L gp-r V@ + b tancx
az + b2 Sill2 cX ac\/az + b2 a
1 /a? — b? :
_  _@an'¥? fan cx’ (a® > b?)
J ac./a* — b? a
e [ |,
a® — b?sin® cx re—
1 logvb —a’tancx + a (@ < b?)
_— — a
2ac,/b* —a*  /b* —ad’tancx —a
1
362. f e —x——tana—x
1+ cos ax a 2
1
363. J‘ £os ox = —x ——cota—x
1 —cos ax ) a 2
dx 1 T ax 1 ax
364. | —— = "logtan|~ + —| — —tan—
(cosax)(l +cosax) a og tan (4 '2) a " 2
dx 1 n  ax 1 ax
365. —-logt —| — —cot—
(cos ax)(1 — cos ax) a og tan (4 + 2) ac0 2
dx 1 ax 1 ax
. = e — 4+ —tan? =
Ses (1 +cosax)* 2a fan 7t 6a 'an 2
1 ax 1 3 ax
367. — —cot® —

—2_ac°t? 6a0 2

it tan Ly tan® X
" 2a 2 6a 2

- 1 — ax 1 (.;ot:’ ax
2a 2  6a 2

*See note 6 —page 336.



8 Calculus

INTEGRALS (Coantinved)

10 J’ cosxdx  x EJ‘_ g
“Ja+bcosx b bJa+bcosx

3 | g lo tan x+n —bf i
i (cosx)(a+bcosx) a8 2 4] ala+bcosx

” J’_ ™ bsin x a J‘ dx
*J @+ beosx)? (b2 —a>a+beosx) b*—a’)a+bcosx

73 J‘ cos x _ asin x b J‘ dx
“Ja+ bcosx)2 T (@t - b’)(a +bcosx) a*—-b*Ja+ bcosx
dx
74. —t i
J.a 21 b2 - 2abcoscx  cla? ——b2 ( an-
d 1 t
17s. J.T sz_ = _—_tan" ! e
a* + b*cos®ex  ac/a® + b2 V 2 4 bl
atan cx
- e tan!'—=—, (a?>)?
ac\/a® — b? Jat - b?

dx
fie. .";1_2‘— bicoslex 27

S Ry 12, (b? > a?)

2ac,/b?* —a*  atancx + /b* — a?

sin ax ]
}77. j = F —log(l + cosax)
1 + cos ax a
1
y78. f 8y = + -log(l + sinax)
1 + sinax a
379 dx ! 1 L tog an ax
" Jsinax)(1 + cos ax) * 2a(l + cos ax) & 2
dx 1 1
38. | ——————— = #l t =
(cos ax)(l =+ sin ax) 2a(1 ¥ sin ax) og an( )
sin ax 1
381. T dx =) 1
{cos ax)(1 + cos ax) = (secax + 1)
€os ax i
382. — —dx = — ~1 =59
(sin ax)(1 + sin ax) o P (cscax £ 1)
sin ax 1 1
8. | ———————dx —1 t T
(cos ax)(1l + sinax) 2a(l £ sin ax) og an( )
cosax . _ e L 1 ]0 .
sinax)(1 + cosax)  2a(l % cos ax) & 2

*See note 6 —page 336.



Calculus
INTEGRALS (Continued)

385 f dx o tan(ax 2t
" Jsinax + cosax af s 2 tg

dx ¢ _n
S——EE = —tan|ax F -
(sinax + cosax)> 2a *3

dx 1 ax
387. f - —————— = 4+ -log{1 + tan —
1 + cosax + sinax a 2

386.

388, J‘ dx 1 btancx + a

_ — = — Og E—
a’cos?cx — b%sin?cx  2abc T hbtancx —a

' 1
389. fx(sin ax)dx = = sin ax — gcos ax

. 2x a®x? -2
390. | x*(sin ax)dx = —sinax — ——5——cos ax
J a . a
: , 3a2x2 — 6 a’x® — 6x
391. fx3(51n ax)dx = B sinax — g cos ax
1 m -
——x"cosax + — | x™ " 'cos ax dx
a a
or[
392. J ™ sin ax dx = - L2 m! XY
x ' cosax Y (—1y*' — .
=0 (m — 2r)! g%*?
m-1
2 m! xm—2r—1
+ sin ax -1y .
,;o (=1) (m—2r—1)! g¥*2

Note: [s] means greatest integer < s; [35] = 3, [4] = 0, etc.

1 .
393. fx(cos ax)dx = —; cosax + x sin ax
a a

2xcosax a*x? -2
394, sz(cos ax)dx = ——— + 35— sin ax
a a
s 3a2x2 — 6 a®x3 — .
395. | x*(cos ax)dx = ——;——cosax + —5——sinax
a a

x"sinax mf{
—a g |* sin ax dx

a
or -
[ i| | xm—Zr
396. fx"'(cos ax)dx = y sin ax Z (—1) STl
m-l
] . m! xm—Zr—l
[ + cos ax ‘r;o (-—1)' (?4' I e

See note integral 392.
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197.

198.

199,

1)

-

N

(9

405.

107.

408.

410.

411.

412.

413.

: J.x(sin3 ax)dx =

sin ax s
dx = -
[ =50

n=0

fcosaxdx—logx+ Z (-1 —

x2

. _x
j.x(sm ax)dx = a

3 2 1 2
J. %(sin? ax)dx = i (x_ - ) sin 2ax — ﬁzs -

6

Calculus

INTEGRALS (Continued)

(ax)2n+l

Iy

2n + D2 + 1!

{ax

)2n
2n(2n)!

xsin 2ax  cos 2ax

4a

4a 84°

x cos 3ax  sin 3ax

8a?

a2

fx(cosz ax)dx = T

6

3

fxz(cosz ax)dx = -

12a 36a*

3x cos ax Jy 3sinax
4a 4q*

xsin 2ax  cos 2ax

+

4a

4a 8d°

8a?

x cos 2ax

Z 1 2
+ (x_ = —) sin 2ax + ————

4q?

x
—— Iy = F
flisinaxx +

J' \1__ COs a_x dx =

jf+ cos ax dx =

X cOs ax
a(l + sin ax)

a./1 + cosax

J' (cos® ax)d x sin 3ax n cos 3ax  3xsinax i 3cos ax
. | x(cos® ax)dx =
12a 36a 4q 44?
sin ax sin ax a cos ax
X = - m-—1 m-—1 dX
x™ (m— 1)x m-—1J x
J’cos ax Ccos ax J’ sin ax
T dx = — .
x™ m=1x""1 m-1

Iog(] + sin ax)

x e t ax N 21 ax
_— —tan — 0g COS —
1 +cosax  a 2 = 2

J‘ 4 X tax_i_ 21 . oax
L - x = — —cot— + — logsin —
1 — cosax a 2 a? & 2
X + sinx X
————dx = xtan —
1+ cosx 2
X —sinx x
f dx = —xcot -
1 —cosx 2

2/2 sin (%)
a



Calculus n

INTEGRALS (Continued)
414. J'\-""'l_+ sinxdx = +2 (sing - cosg),
[use + if 8k — 1)% < x <8k + 3)%, otherwise — ; k an integer]
415. J.\."'l —sinxdx = £2 (sin; + cosg) ,

[use + if (8k — 3)% < x < 8k + 1)%, otherwise — ; k an integer]

dx
416. f— =+ \/_log tan

1—cosx

[use + if 4kn < x < (4k + 2)n, otherwise — ; k an integer]

417. f— ——— +flogtan( )

1+ cosx
[use + if (4k — ) < x < (4k + 1)z, otherwise — ; k an integer]

418. f =+ flog tan (* = )
/1 —sinx 8

[use + if (8k + l)g < x < (8k + 5);, otherwise — ; k an integer]

dx
419. f =+./2 logtan( :)

1+smx

[use + if (8k — 1)5 < x < (8k + 3);—, otherwise — ; k an integer]
6 o [

(1

1 A
420. f(tan ax)dx = —tan ax — x ¢ 5;
. 1 1
421, f(tan3 ax)dx = —tan? ax + —log cos ax

2a a

tan’ 1
422. J.(tan" ax)dx = AN X tanx + X g

3a a f

tan""!q 5
423, J (tan"ax)dx = ——— (tan" " “ ax) dx

a(n = -

424, f(cotz ax)dx = —%cot ax — x r
56%1\?-:7?—,@211%0(& - g‘['ou
P
= =* -
=~ {t.r

1 1 -
425. | (cot® ax)dx = — —cot? ax — ~log sin ax
2a a

1 1
426. f(cot”’ ax)dx = — §;C°t3 ax + ZCOt ax + x
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427.

428.

429.

430.

431.

432.

433.

434.

435.

436.

437.

438.

Calculus

INTEGRALS (Continued)

cot" !ax
f(cot" ax)dx = — f(cot" 2 ax)dx
a(n — 1
xcotax 1 !
J‘ dx = fx(cscz ax)dx = — + —log sin ax
sin? ax a
co
J . X dx= fx(csc”ax)dx = — = S—GXT
sin" ax a(n — 1)sin"" " ax
1 (n—2) x

— = . d
a*(n — D(n — sin" 2ax  (n—1) s Zax

1 1
f dx = J‘x(secz ax)dx = — x tan ax + — log cos ax
cos? ax a a

X sin ax

J ul dx = Jx(sec" ax)dx = =
cos” ax aln — l)cos" ax

1 A n— ZJ‘ X p
a*(n — 1)(n — 2)cos" 2ax n—1J cos" 2ax &

J‘ sin ax 1 o 5 b cos ax
- —————dx = — —si _—
J1 + b?sin® ax ab J1+ b2
ina 1 ————
j _Slix_ dx = — —log(bcosax + /1 — b?sin” ax)
V1 — b*sin?ax ab

f(sin ax)\/1 + b*sin? ax dx = —CO§ < J1 + b?sin® ax
a
1+b%  _ bcosax
- sin
2ab J1+ b2
e c
J‘(sin ax)y/1 — b?sinaxdx = — ozs = V1 — b*sin’ ax
a
— h2 ) . .
= log (b cos ax + /1 — b?sin? ax)

cos 1 —
Z dx = —log (bsinax + /1 + b?sin? ax)

f./ + b%sin? ax ab

1
f COSL dx = — sin~! (b sin ax)
/1 — b?sin? ax ab

sin ax

f(cos ax) /1 + b?sin? ax dx = V1 + b?sin?ax

2a

+ nlog(bsm ax + /1 + b*sin? ax)



Calculus 373

INTEGRALS (Continued)

sin ax
2a

y S . 1
439, J-(cos ax) /1 — b*sin® axdx = J'1 —b*sin*ax + ﬂsin'1 (b sin ax)
a :

dx +1 _,_1( a—b
sin

440. Ji — =
Ja+btan’ex  cfa—b

sin cx)', (a > |b)

[use + if 2k — 1)§_< x < 2k + l)g, otherwise — ; k an integer]

FORMS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

‘ /1 — a*x?
441. J'(sin"ax)dx =xsin"lax + P

2.2
V1-—ax

442, J(cos"ax)dx——-xcos“ax - p;
-1 -1 1 2.2
443. | (tan 'ax)dx = xtan” " ax — 2—a—log (1 + a*x?)
-1 -1 1 2.2
444, f(cot ax)dx = xcot™ 'ax + Elog(l + a*x*)

: 1
445. f(sec"ax)dx = xsec lax — Elog (ax +/a*x? — 1)

R 1 y
446. f(csc‘l ax)dx = xcsc”tax + ;log (ax + Ja’x? — 1)

447. f (sin“ !

SR

by x F
dx =xsin"!= 4 Ja? —x%  (@>0)
a W

448. J‘(cos‘lf dx = xcos_lg —-Ja*—x*  (@>0)
a

449, f‘tan"f dx = xtan"lf = glog(a2 + x3)
a a 2

450. J‘(cot‘1 X dx = xcot1 > Elog(a2 + x?)
a a 2

1 . PR
451. fx[sin'l(ax)] dx = m[(Zasz — Dsin™Yax) + ax /1 — a®x?]

1 -
452, fx[cos“(ax)} dx = Zli[(Zazx2 — 1)cos™Hax) — ax/1 — a*x?]
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453.

45

455.

456.

457.

458.

459.

461.

462.

463.

464.

465.

&

Calculus

INTEGRALS (Continued)

[tsin @ ax = X sintian - L [ XTI s
x"[sin” *(ax)] dx = sin” ' (ax) — —— —_ n# —
n+1 +l \_-l—azxz
xn+l n+ldx
fx"[cos"(ax)]dx=n+lcos Yax) + +1J.\/—22 (n# —1)
1+ a%? X
J‘x(tan_1 ax)dx = ———tan"'ax — —
2a
n+1 n+1
(t -1 dx = t -1 J-
Jx(an Gl n+1an . i Cn+1 1+ax
i 1 + a?x?
fx(cot Yax)dx = Tz—mt Yax + %
xn+1 a xn+1
", = 1
fx(cot ‘ax)dx=n+1cot ax+? m

sin~! (ax 1—J1—a*x?\ sin~!(ax
f— 2( )dx=alog ~ LonT
x x
“1(ax)d 1 1+ /1 —ax?
J‘cos (:zx) X o cos! (ax) + alog—Y— ——
x x
tan ™! (ax) dx | a. 1+ a’x?
— . = ——tan™ ' (ax) — s log——5—
x X 2 53
cot™!ax 1 a x?
[F B inm oot ax = Slor g
21 —a%x? |
J‘(sin_1 ax)? dx = x(sin™'ax)®? — 2x + sin” ! ax
a
21 — a®x?
J‘(cos_1 ax)?dx = x(cos " tax)? — 2x — Y cos™!ax
a
n /1 — a2x?
x(sin™'ax)" + ¥ ~(sin "t ax)" !

—n(n — l)f(sin'1 ax)" "% dx

" or
f(sin“ax)"dx= [7] ! .,
r=0(_ ) = )' x(sin™ * ax)
["_Zl'] n! 1 2.2
gy B — A XL n—2r—1
+ 2 (S ==eantsinTad)

Note : [s] means greatest integer < s. Thus [3.5] means 3;{5] = 5, [3] = 0.
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INTEGRALS (Continued)

/ 2.2
x(cos™ Y ax)" — nyl—ax

(cos tax)y ! .

—n(n — 1) f (cos™'ax)""2dx

466. f(cos‘1 ax)'dx = ["] or
2 n!
r;0(—1) ( _zr)!x(cos Laxyr=2
[ i3

(COS_ 1 ax)n—Zr— 1
-a

1 1
467. j p— (sin~ ! ax)dx = —(sin” ! ax)*
J1—a?x? 2a

"

xn xn— 1 . X
468. f - (sin"'ax)dx = ——5 /1 —a’x?sin"'ax +
‘ J1 - a’x? na na

n—1 x""2 _—
+ 2 ——sin” 'axdx
na*

2.2
v1—a‘x

1 _ 1 _
469. J. ’ (cos 'ax)dx = ——(cos™ ! ax)®
V1 —a*x? 2a

x" X"~ r . x"
470. f ———(cos"'ax)dx = ——5/1 —a’x*cos " ax —
J1- a’x? na nca

n—1 o
+— f —_cos” laxdx

na .\.":1 _ a2x2
4. f e (tan™L.ax)?
. = ax
iyl 2
cot™!ax
472. f = ——(cot™! A
a’x? + 1 x 2a(co ax)
- oxr 1 55—
473. | xsec axdx=?sec ax — 5V ax -1
n+1 1 P nd
474. fx" sec laxdx = - sec lax — f —
“tax ec la fa?x? — 1
475.f——secza dx = — = 24N
x x x
476. | xcsc ™ laxdx = x—zcsc’1 ax + 1 ‘a’x* — 1
: 2 2q% N
. xn+l 1 nd
4717. fx" csc laxdx = lcsc'1 ax + e

n+ n+1 %sz__l



76 Calculus

INTEGRALS (Continued)

- — /
csc™ ! ax csc lax (Jaix? —1
dx = — o=

x? x x

78.

FORMS INVOLVING TRIGONOMETRIC SUBSTITUTIONS

X

ff(snnx)dx—fo(l+z)1+z (z=tan5)

2 dz x
J.f(cosx)dx—ZJ‘f(l_'_z)l_{_zz, (z=tan§)
: ff(smx)dx—ff(u) = (u = sin x)

J1=u?
8 Jf(cosx)dx = — '[f(u)—u— (u = cos x)
) - J1 —u? i

J.f(sinx,cosx)dx =ff(u,\/1 —uz)——l\/_‘ii—?, (u = sin x)
s 5
84. ff(smx cosx)dx—ZJ.f( L Z) & (z:tan%)

79.

o

=3

L)

™~

w

1+221 4231+ 2%

LOGARITHMIC FORMS

8s.

7

j(logx)dx =xlogx — x

2

x2 x
86. [x(logx)dx = 710gx - —

4
. 3 3
87. J x*(log x)dx = —logx — —
3 9
xn+1 xn+ 1
I88. jx"(log ax)dx = — 1log ax — T

189. f[log x)?dx = x(logx)* — 2xlog x + 2x

x(log x)" — n J‘ (logx)'~'dx, (n# —1)

or

190. |-(log x)" dx

(—=1)yn!x i = l:)'gx)’

r=0

“The square roots appearing in these formulas may be plus or minus, depending on the
juadrant of x. Care must be used to give them the proper sign.
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INTEGRALS (Continued)

491. J-(lng)"dx S “(log x)"*!
x n+1

(log x)*  (log x)*

d
o | = = log (log x) + log x +

7T 721 T 3.31
dx
493, J‘ = log (log x)
x log x
dx 1
494. jx(log X  (n— Qogxy "
5. xmdx xm*+1 m+ 1 x"dx

fogxP  (n—Diogxyt  n—1J(ogxr’

x™*Ylog x)' fx"'(]ogx)"" ix

m+ 1 m+ 1
496. Jx"'(log x)dx = ot
! (—log x)
N xm+1
b arey Z wri(m + 1"
xp +1
497. J.xpcos (b nx)dx= (p+_1)2+—l)2 « [psin(inx)+@+1)cos(blnx)] +c
) o xPtl .

498, J‘chp sin (b lnx)dx—m *[e+D)sin(dmx)—bcos(pinx)] +c

99. f llog(ax + Bl dx = 2 P 1ogiax + b) - x

500, J‘logi:__z"'b)dx =Zlogx — axb-: blog(ax +b)

b
b m+1
I:x'"+l - (-——) ] log(ax + b)
1 a

1 “himt+1 m+11
—m+l(—_) r—lr(

g 1 1 b 1 Lo
! J‘log(axm+ b)dx _ og(ax + b) + L 1(_3) tog & +b

1
501. fx [log(ax + b)]dx = s

m—1 xm-1 x

o _—)m 1 m— 21(—£)r’(m>2)
- ax

m_l ’lr

503. f[logztﬂdx=(x+a)1og(x+a)—(x—a)1og(x—a)
n x+a . xm+1_(_a)m+l
504, J-x I:Ing—a:ldx_ ) log(x + a) )

mot

2g™*? [_2_] 1 x\m-2r+2
See note integral 392. m+1 /2 m—2r+2\a

m+1 _ m+1

log(x —a)




=4l

~1

o

d

k.
.

~

(9]

&

»

§ f(logX)dx =

A fx"(log X)dx =

) J‘[log(xz — a¥))dx = xlog (x* — a?) — 2x + alogj‘c -

Calculus

INTEGRALS (Continued)

] 1. x—a 1, x*-a
dx = =1 ~
| i % ra ot 2
b Vhac — b? 2ex + b
x+—|logX —2x + 472 tant 'cx !
2c c J/dac — b?
(b2 — 4ac < 0)

or

b2 —4 2 b
(x+%)logX—2x+\/ —actanh'IL

¢ b2 — dac’
(b? — dac > 0)
where
X =a+ bx + ¢cx?
xn+1 xn+1
f dx — dx
n+ 1 n+1 X n+ 1 X

where X = a + bx + ¢x?

k f[log(xz + a?)]dx = xlog(x* + a*) — 2x + 2a tan_lg

+a

[ xttog (2 + @t dx = 307 + @ tog 2 £ a?) —

[log(x + \_.'rxT-f_- a?)]dx = xlog(x + \/x* ta?)— S ta

p x* a? e
. fx[log (x + x* +aM))dx = (7 + Z) log(x + /x* + a%) —

] j x"llog (x + /x? £ a))]dx = ;

/o2 2
X/ x° * ar
4

m+ 1

—log(x + /57 £ @)

1 m+ 1
J‘ _xi dx

Tm+ 1 x: £ @
1 /x* + a? log(x +/x2+a?) 1 a+ /x*+ad
fog(ixzx P9 e MBI Ta) 1) etgxta
X X a
log(x + /x> — a? log (x + /x2 —-a) 1 TPy
——————dx = ————— + —sec”  —
x x |al a



Calculus 3

INTEGRALS (Continued)

516. Jx" log(x* —a [x"“log (x> —a*)—a"*'log(x — a

+1

See note integral 392. —(—ar*'l
ee note integra (—a)y'" " log(x + a) — r20,,_2,.*_1

["] a " 2r+ 1]
EXPONENTIAL FORMS

517. fe‘ dx = e*

518. J Trdx = —e™ "

519. Je“" dx = —

eﬂ
520. fxe""dx =—fax — 1)

a
x"e™* m 3
- xm 1 Pad dx
a a

521. fx"'e""dx= or
m mixm=r
x -1y
LY e
522 J'e“dx—lo x+ax+a2x1+a3x3
O e A TR YO TR DY

e 1 a e
. b = - d
o x”'dx m—lx""l-*-m—l."x""l *

ﬂxl 1 ax
524.fe¢=logxdx=e °gx-—ff—dx
a a X

dx - : e*
14¢€* * 8 ) gl+

525.

X

dx i
3 =—-——1 bef*
526 J‘a " a ap og(a + beP)

527 f dx -1 tan"‘e"":/é) @>0,b>0)
“Jae™ + be™™ . /ab b’ ’

! lo ‘/Eemx_‘/;
amJab ©\Jae™ + /b

X
3. [ e = >

m\/_tanh‘ (ﬁf"), (a>0,b>0)




80 Calculus

INTEGRALS (Continued)
a+a*

§29. f(a" —a ®dx =
loga

ax

e 1
530. dx = —log(b &
t b + ce™ x ac QEIEE; ce)
31 x e* e

it S
i32. Jxe"‘z dx = —4e ™

e**[asin (bx) — b cos (bx)]
a’ + b?
e™[(b — c)sin(b — ¢)x + acos (b — ¢)x]
20a® + (b — o) '
e [(b + ¢)sin(b + ¢)x + acos (b + c)x]
gyl 2[a® + (b + ¢)]
e*asin(b — c)x — (b — ¢)cos (b — ¢)x]
2[a® + (b — ¢)*] i
4 e*[asin(b + ¢c)x — (b + c)cos (b + c)x]
2[a* + (b + )]

i33. J. e [sin (bx)] dx =

334, f &°* [sin (bx)] [sin (cx)] dx =

or
ax

35. f e*[sin (bx)][cos (cx)] dx = %[(a sin bx — bcos bx)[cos (cx — )]

n

—c(sin bx) sin (cx — )]

where

p = J@® + b? — c?)? + 4ac?,

peosa = a® + b2 —c%  psina =2ac

i36. fd"[sin {(bx)][sin (bx + ¢)] dx

L e**cos ¢ I g“’[a cos (2bx + ¢) + 2bsin (2bx + ¢)]
2a 2(a® + 4b?)

3

=

fe’”‘[sin (bx)][cos (bx + ¢)] dx

—e**sin ¢ o e*[asin (2bx + ¢) — 2b cos (2bx + ¢)]
2a 2(a? + 4b?)

138, f e™[cos (bx)] dx = #ﬁxbz[a cos (bx) + b sin (bx)]



539

i f e*[cos (bx)][cos (cx)] dx =

Calculus 38!

INTEGRALS (Continued)
e™[(b —c)sin(b — c)x + acos (b — c)x]
2[a? + (b — )]
e[(b + c)sin (b + c)x + acos (b + o)x,
2[a® + (b + ©)%]

540. fe""‘[cos (bx)][cos (bx + ¢)] dx

541

542

543

545.

546.

: Xl o1 —_ 1
5 fe“ [sin” bx] dx = 2 1 i

1
5 J-e’”‘[co_s" bxldx = cﬂnzbz[

f x™ e**[sin bx] dx =
ey

fx"' e* cos x dx

_e™cosc e [acos (2bx + ¢) + 2bsin (2bx + ¢)
T 2a 2a® + 4b?)

. fe“"[cos (bx)][sin (bx + c)]dx

e*sin ¢ N e**[a sin (2bx + ¢£) — 2b cos (2bx + ¢),
2a 2(a® + 4b?)

[(a sin bx — nb cos bx) e** sin" " * bx

+n(n — 1)b? f e"*[sin"~ 2 bx] dx]

(a cos bx + nb sin bx) e** cos" ! bx

+n(n — 1)b? f e**[cos" ™2 bx] dx

1 . m _ .
fx"‘ e*sinxdx = Ex"' e*(sin x — cos x) — o x™" ! e*sin x dx

m
+Efx""1 e*cos x d>

L mb cos bx

a* + b?
m - ] .
—az-l——bzf x™ 1 e™(a sin bx — b cos bx) d:

or
m(—1)mlx™"" |
Pm sin [bx — (r + 1)a]
r=0 - i

where

p=a>+b? pcosa=a, psina=>b

1
Ex'" €*(sin x + cos x)

m . m _
—Efx""le"smxdx —E,J.x’" 1e*cos x d:



Calculus

INTEGRALS (Continued)
4 @ €08 bx + bsinbx
at + b?

x™ e

f x™~ 1 e"(a cos bx + b sin bx) dx

a2 +b?
/5 fx"‘ e cosbxdx = § oL

& (—lymixm

exy - i — r)!cos[bx (r + 1)a]

r=0P
where
p=.a®+b>, pcosa—a  psina=>b
e** cos™ ! xsin” x[acos x + (m + n)sin x]
(m + n)* + a? -
g ax( o om—1 ion—1
_W-F = J- e**(cos x)(sin"~ ! x) dx

-1
%ﬂ? J- e"*(cos™ ™ 2 x)(sin” x) dx

or
e cos™ x sin"" ! x[asin x — (m + n)cos x]
(m + n)* + a?
ma
+—— | e®(cos™ ! x)(sin" ! x)dx
| )(sin" "1 x)

(n = Dim +anz) f e"*(cos™ x)(sin"~ 2 x) dx

(m+ n)? +
8. J e**(cos™ x)(sin” x) dx = or
e"*(cos™ ! x)(sin" " ! x)(a sin x cos x + msin® x — n cos? x)
. 5 (m+ n)2_+ a2
m(m — 1) X (e M= 2 ‘n
T n)2_+7 f e™(cos x)(sin" x) dx
m ’j:nn)z i_) e f €"*(cos™ x)(sin"~ 2 x) dx
or
e**(cos™ ™ 1 x)(sin"~ ! x)(acos xsin x + msin?x — ncos? x)
. (m + n)?* + a® L

(mnj:n;%f e™(cos™ ™ x)(sin"~? x) dx
(’(Im—+"i,)1()%l).l’ enx(COSm x) (Sil‘ln_ 2 x) b




Calculus 38:

INTEGRALS (Continued)

X () xe g .
.549. fx &*(sin bx) dx = m(a sin bx = b cos bx)

ax

T@ + b [(@® — b?)sin bx — 2ab cos bx]

e .
550. f x e™(cos bx) dx = azx—-i—-b’(a cos bx + b sin bx)

X

s [(@* — b*)cos bx + 2ab sin bx]

(@ + bY)
e e™[asinx + (n — 2)cosx] a4+ (n—2)? ™
551.f, dx = SR T R SERA] a v [
s x (n = 1(n — 2)sin" ' x (n — 1)(n — 2)J sin"2 xdx
e** e*[acosx — (n — 2)sinx] a®+ (n —2)? e’
552. X = — — = 2| ——dx
cos” x ‘ (n— 1)(n —2)cos" ' x n—1Dn—-2)J cos" ?x
tan"~! x a

n—1 n—1

553. J-e"" tan” x dx = &~ J. e“tan"" ! x dx — f e tan" 2 x dx

HYPERBOLIC FORMS
554. f(sinh x)dx = cosh x
555. f(cosh x)dx = sinh x
556. f (tanh x) dx = log cosh x
557. J.(coth x)dx = logsinh x
558. f(sech x)dx = tan~ ! (sinh x)
559. J- csch x dx = log tanh (;)
560.. f x(sinh x) dx = x cosh x — sinh x
561. f x"(sinh x)dx = x"coshx — n f x"~Y(cosh x) dx
562. fx(cosh x)dx = xsinh x — cosh x

563. J‘ x"(cosh x)dx = x"sinh x — n f x"~(sinh x) dx



4 Calculus

INTEGRALS (Continued)

564. I (sech x)(tanh x) dx = — sech x

565. J (csch x)(coth x)dx = — csch x

sinh2x x

4 2

566. I(sinhz x)dx =

" n(sinh"’* L x)(cosh" ! x)

n—1

g m n—2
oy nf(smh x)(cosh” ™% x)dx

567. J‘(sinh"' x)(cosh” x) dx = -

sinh™ ! x cosh"* ! x

+n

'"——lf(' h™=2 x)(cosh” x) d 0
= sin x)(cosh” x)dx, (m+ n#0)
- 1 -

(m — 1)(sinh™ ! x)(cosh"~* x)

_m+n-— 2 dx
m—1 (sinh™~ 2 x)(cosh” x)’

(m# 1)

dx
568. f . =
(sinh™ x)(cosh” x) .

1
(n — 1)sinh™ ! x cosh"™* x
m+n-—2 dx
n—1 (sinh™ x)(cosh" "2 x)’

(n#1)

569. f(tanhz x)dx = x — tanh x

t n—1
570. j (tanh” x)dx = — a_;lh-l_x ¥ f (tanh""2x)dx, (n#1)

571. f(sechz x)dx = tanh x

inh 2
572. J.(coshz x)dx = smz &y ;

573. f(cothz x)dx = x — coth x

coth" ! x

574. f(coth" xydx = — + f coth"” 2 x dx, n#1)



Calculus
INTEGRALS (Continued)

575. f(.:sch2 x)dx = —ctnh x

sinh (m + m)x  sinh (m — n)x

576. f(sinh mx)(sinh nx) dx = Am+m " Am—m (m* # n?)
inh (m + inh (m —
577. f(cosh mx)(cosh nx) dx = s1n2(,:lm+ n;t > Sinz (rfzm_%)x’ (m? # n?)
h (m + h (m —
578. f (sinh mx)(cosh nx) dx = °°52(n(1m+ n;’f , Cisz (n(l'"_ n)")x, (m? % n?)
579. f{smh‘ ) x = xsinh™ IZ \‘.-""x_2 + a?, (a>0)
D —
580. f (smh . ) dx = (- —) sinh ! P ZV-'xz + a?, (a>0)
. X 1 1 xn+ 1
581. f (sinh ~ x)dx—n+1s1nh . (1+x2)%dx (n#-—1)
xcosh™1% — Jxt—a, (cosh‘1 XS O)
a a
582. f (cosh'1 f) dx = or
a
xcosh~1% ¢ Jx2 -, (cosh‘1 X< O), (a>0)
a a

2 2R 2 S
583. f (cosh ! )dx = %cosh‘lg - ;(x2 — a?)t

xn+l xn+1
n -1 — : -1 . S _
584. ~fx(cosh x) dx — 1cosh R lf(xz = %dx, n#-1)
585. f‘tanh . )dx—xtanh' §+ log (a® — x?) “ ‘<1)
586. f(coth 2 )dx—xcoth"1§+2log(x —a?) ” s>1)
587. f (tanh ! )dx— tanh 1f+%x (§<1)

ot
X _dx, (e -1
n+1J1-x2 R

588. J‘x"(tanh‘1 x) dx = tanh‘1 x -
n+1

X

>1)
a

\ 2 __ 2
589. fx coth‘lf dx=x 4 coth™! _+ﬂ
5 p 2 R

) xn+‘1 _ 1 . xn+1 )
590.fx"(coth x)dx=n+1coth x+n+1 J‘ﬁdx, n# —1)



S.

6.

1.

98.

01.

02.

03.

04,

05.

X
: Jx"sech_lxdx =
n+

Calculus

INTEGRALS (Continned)

. f(sech“x)dx =xsech™'x +sin"'x

2
1
8 fxsech“xdx =%sech“x —3v/1- x?

n+ 1

1 x"
-1
1SBCh x+mJ‘(l_—X2_)§dx’ (n# —1)

x
b fcsch"xdx = xcsch™!x + —sinh ™' x

[x]
x? 1 x
fxcsch"xdx =—csch™!x + - —/1 + x?
2 21
n+1

! o X e 1 x x"
J.x csch xdx—n+1csch x+mmf(;z—+l)*dx, n# -1)

DEFINITE INTEGRALS

l n

1+

@ 1 1 n—1 ] = ( m)
n-1 _,—x = 1 _ d —= MWD U

f x""le ¥ dx L (ogx) x I1 =

b RBm=1 14—
m
=In,n+0—-1,-2,-3,... (Gamma Function)
® n!
t"ptdt = ———, n=0,1,23,...and p > 0)
fo P fogprt
e I'(n)
(nlemet gy = . >0,a> —1
J; § B & e
b 1\" I'n+1)
J.OX (log;) dx=m+—1, (m> —1,n> —-1)
[(n) is finite if n > 0, I'(n + 1) = nl'(n)
I'n)- T'(1 — n) =—
sin nm
I(n) = (n — 1)! if n = integer > 0

rd) = 2_[ e~Pdt = /m = 17724538509 - - = (—)!
0

1-3-5...2n— 1
r(n+%)=—iSTn("——)\/£ n=123,...

(-vr2/x i

 T(—nt eV

1-3-5...2n—1)



Calculus 38

DEFINITE INTEGRALS (Continued)

o NP A s _ Tm(n)
607. fox (1 — x) dx—fo mdx—-r(m_'_n)—B(m,n)

(Beta functio
F(m)IC(n)

, where m and n are any positive real numbers.
Tm+n) yp

608. B(m,n) = B(n,m) =

Im+ 1)-T(n + 1)
I'im +n+ 2)
m>—-1,n> —1,b >

b
609, j x—a"b—-xdx=(@®b —ar*?!

°d 1
610. | =~ m>1]
1 x™ m—l
611 on dx csC [p<1]
. —_—— =7 8
o (L + x)x? T
. dx
. — = - t pm, <1
612 L A= 7 cot prx [p ]

613. fwxwdx= -
o 1+x sin pm

=B(pl —p)=T(pI1~-p, [0<p<l]

w m~1
614.j AR T Wil s
o 1+ x" mmn

nsin —
n

a+l—be a+1) (_a~+1)
mx“dx_m”lir(brc b:'

21D o (m+x¥¢ b T'(c)
(a>—1,b>0,m>0,c>
®  .dx
616. f — =
0 (1+x)\/;
® adx T . .om,
617. fo ;2+—x2—5,1fa>0,0,1fa-—0, —5,1f11<0
“ 3 17/ 0o 1-3.5...n n
o 2 —_ 22d E 2 —_ 2~d = —_— e —. "fl B
618 J;(a x*) dx 2f_a(zz x*)zdx 2.46..nt1) 2 a (n odd;
1 iniinfm+1 n+2
o B( o
619. | x"(a® — x¥)idx =
fo"(" X Pdx = (m+1) (n+2)
Iam+n+l

m+n+3
r
=)



3 Calculus
DEFINITE INTEGRALS (Continued)

n/2
f (cos” x) dx
0
or
1-3-.5.7...n— 1)z
2.4.6.8...(n) 2
or
/2
620.f (sin"x)dx =1412-4-6-8...(n — 1)
< 1-3.5-7...(n) °

T3
r(_ . 1)

(r an even integer, n # 0)

(n an odd integer, n # 1)

3

n>-1)

~%

=

N

621.f A 7tlfm>001fm—0 —Elfm<0

622. J‘ cos x dx [

623, J“”tanxdx n

624. J‘ sin ax - sin bx dx = f:cos ax-cosbxdx = 0, (a # b; a, bintegers)

62

(7}

: f [sin {(ax)][cos (ax)] dx = J. [sin (ax)][cos (ax)] dx =
0

2
626. f [sin (ax)]cos (bx)] dx = ———. if a — bis odd, or Oif a — b s cven
. -

627, J“” sin x cos mx dx
o X
=0,ifm< —lorm>1; e lfm—+l 5 ifm? < 1
o J«oosinaxiinbxdx=n_a’ (@<bh)
° x 2

629. f sin? mx dx = f cos? mxdx = g

0 0

J“" sin? (px) d np
0

630. e x 2



Q

§

635.

636.

637.

638.

639.

641.

642.

3

645.

647.

Calculus 38

DEFINITE INTEGRALS (Continued)

sin X n

0 1
f = 2T(p) sin (pr/2)’ <p<
COSX n
0 1
f = IT(p)cos (pn/2)’ <p<
J'°°1 —cospx _np
)
J‘ smpxcosqxd ={0’ 4> p>0; g.p>q>0; ;P=q>0}
J' ccz)s_(mx} x=1e-lma|
o X“+a 2Jal
f cos (x2) dx =J. sin (x2) dx L
° 0 2y 2
® 1 .
f sin ax" dx =—1/"I‘(1/n)sm —, n>1
° na 2n

. 1
J. cosax"dx = —”nl"(l/n) cos 1, n>1
na 2n

J‘ smx J’ cosx n
2

) s
.(a)f T ax =§ (b)‘lsmxdx log 3

()
0 oy 3
J‘ smsxd _ 3=
) X 8
® gin* x T
J‘o x* dx=§
J‘“’Z dx _cos”'a @<1)
0 l+ac05x— /1 _az’
x d .
f Xt w>b20
oa+bcosx Jat - b?
J‘z" dx 2z @ <1
5 1+acosx_\/1 — a2

b
dx = log—
a

J‘"’ cos ax — cos bx
o X

J"'” dx T
o a’sin’x + b*cos*x 2ab



0 Calculus

DEFINITE INTEGRALS (Continued)
J"'/Z dx _ n(a® + b
o (a®sin®x + b*cos?x)®  4a’b’

, (a,b > 0)

R 1 _[nm | Tl
649. sin" "' xcos™ ' xdx = EB 23] m and n positive integers
0

<2 2.4.6...2n)
650. in2"*10)do = : ERG,
J‘(, e s e, 2o
%2 1 3 5...2n—
651. f (sin" 0) df = Agn D(ﬁ), n=1,23...)
0 (2")
ni oy 1 1
652 | Fax=20_ _ 4 B
L T {12 32+52 72+ }
/2 dx n
L J:, 1 +tan"x 4
x/2 @eny
654. f cos 6d0 =
0 [r@1*
nf2 7[
655. J‘ (tan"@)dd = ———~, ©O<h<l)
< 2 cos E
3
o ¢ T —t -1 b
656. f an (@) tans Qs & A e )
0 X 2 b

] b b
657. The area enclosed by a curve defined through the equation x¢ + y¢ = a¢ where
a > 0, ¢ a positive odd integer and b a positive even integer is given by

()] e
4 )

658. I = fff x"~1ym=1z~1 4y where R denotes the region of space bounded by
R

x\? [y\T [z\*
the co-ordinate planes and that portion of the surface (;) + (5) + (E) =1,

which lies in the first octant and where h, m, n, p, q, k, a, b, ¢, denote positive
real numbers is given by

[[orax jb[-—(z)']* iy fc[--(:)'-(;-;)']* a4

° | e Tl

pak r(+++1)
p q k




Calculus
DEFINITE INTEGRALS (Continued)

, (@>0

Q| =

659. f e " dx =
°

w0 ,—ax __ ,~bx b
660.J' eiedx=log2, (@b > 0)

o X
I'n+ 1)
-TH—, (n > —l,a > 0)
661. j x"e *dx = or
o !
%, (a > 0, n positive integer)
. ” Tk +1
662. f x"exp(—ax")dx:Lk), (n> -—1,p>0,a>0,k=n
0 pa p
© 1 1_J1
. —a?x? = —— = _r -1, > 0
663 fo e dx % 1 % ( 2) (a )

-2
xe ¥dx =%

g
2

—x2
x2e *dx =

665.

%

=]

1-3-5...2n—-1) |n

—ax?
xMe ™ dx =

666.

S

2n+lan a
? am+1 ¥ n! 0
667. " o =_—, >
J-o x e x 2o (a )
) 1 —ax m' e m ar
668. J;x e dx=am+1 1—e ,Z:oﬁ

669.

e("‘";) dx = e—za‘/;, (@a=0)
. 2

o 1 /=

670. | e ™ /xdx=— |-

fo ¢ \/; * 211\/;
671.f ¢ _dx= [
0 \/; n

e a
672. f e ™(cos mx)dx = i (a>0)

0

S—
8

673. fo e~ *(sin mx)dx = e _r:mz , (a>0)



'6.

7.

'8.

X Jm t*~tcostdt = [T'(b)] cos (ﬁ’,
: 2

Calculus

DEFINITE INTEGRALS (Continued)

PR o _ 2ab

J.o x e~ *[sin (bx)] dx = (—a2 eIy (@ >0)
© . B az _ bz

J.o xe [COS (bx)] dx = m, (a > 0)

n!f(a + b+t — (@ — ib)"* 1]
zi(az + bz)n+1
n!l{a — iby**! + (a + ib)**!]

x" e "[sin (bx)] dx =

° 8

x"e~*[cos (bx)] dx =

S—
8

g 2((12 oG bZ)n+1
® p=ax gin
f ﬂdx=cot“a, (a>0)
0 X N
—a2x? \/—

[ 4

© 8

cos bx dx = Y 28 (ab = 0)
= 2a P\ Tag) 5

° 8

o

v

(=]

0<b<1)

’ Jm 2= (sin t) dt = [T(b)] sin (bz_n), ©O<b<)
)

J-l(logx)"dx =(=1)-n!
o

L)t Jr
fo gzl &x ==
1 1 -3

f log — dx=\/;
) b

1 1 n

f log—| dx = n!

0 X

xlog(l — x)dx = —%

;

1
! f xlog(l + x)dx =}

0
J“ (—=1)n!

0 (m+ 1ty
Ifn#0,1,2,... replace n! by I'(n + 1).

x™(log x)* dx =

1

i

m>-1,n=0,1,2,...

(= —1,a>0)

(2= —-1,a>0)

™% b= 1 sin (¢ sin ¢) dt = [T(5)] sin (b$), (b > 0, —g <¢< ;)

e~ e ¢ v 1cos (¢ sin ¢)) dt = [T'(b)] cos (bo), (b >0, —g <¢ < ;)



691.
692.

693.

694.
1 , T

695. | (ogxflog(l + x]dx =2 - 2log2 —
0

1
696. | (ogx)llog(l — x)]dx =2 - =
(1]

697.

J“ log x n
dx :
ol +x 12

! log x

o1

[

'log(1 —
J' log(1 = x) ,
0

! log x

ol

Hog (1
J‘ og( -l-_x)dx n

Calculus

DEFINITE INTEGRALS (Continued)

dx = - =
- x 6

x 12
X

2

6

/4
_xzdx= —?

1 —x

1 1 2
698.f log( +x)_£i£=n_

699.

700.

701.

702.

703.

704.

705.

706.

707.

f‘ log x dx % og2
= —=lo
V1 —x? 2 .

I

J“(x" — x%)dx . (p +1
0

[

]" Tn+1)
dx = ——
(m+ 1)"+!

.

og [~
logx gq+l

o]

o« e* + 1 n?
1 ax ==
fo Og‘e"—l,x 4

j-n/ 2
4]

J-n/Z
0

[
F

/2
(logsin x)dx = f log cos x dx

0

/2

(logsec x)dx = f log csc x dx
0

nZ
x(log sin x)dx = -5 log 2

(sin x)(logsin x)dx =log2 — 1

2

fm+1>0n+1>0

), (p+1>0qg+1>0)

= /7, (same as integral 686)

—glogZ

—log2

39:



73 Calculus
DEFINITE INTEGRALS (Continued)

/2
708. J. (logtanx)dx = 0

0

[a2 _ B2
Ja* —b

709.f1og(aibcosx)dx=nlog(“+ : ) (@>b)
0

2z log a, a=2b>0

710. f log (@* — 2abcos x + b?)dx = {
0 2rlog b, b>a>0

® sin ax
711. —d —t h—
: fo sinh bx *= 2% -

® cos ax T
0N | gLl o A
Lz L o T

®  dx 4

713. =—
fo coshax 2a

7[2

® xdx
714. =
f o sinhax 4a®

715, j e~ (cosh bx)dx = ———, (0 < <a)
0 a‘—b
< N . b
716. f e  “(sinh bx)dx = ——, O < bl <a)
0 a —b
® sinh ax i3 an 1
17. | T dx = —ose— — —
K J‘ 1% " %%
smhax 1 i a
718.f 2_a Z—I;C tg
i 1 1-3
719. f =—l:1 (~) k? + ( ) k*
) Vl —k2s1n x 2 2 2-4
1-3.5)2
ool k2
(2 16 :I,lf <1
LI S 1-3 2k4
720. f 1 — k?sin? x dx =—|: ( ) (
° 2
1.3.5\2k¢ ey
(2-4-6 ?—:I,lfk <1

721. J e *logxdx = —y = —0.5772157 ...

/]

722. f e **logxdx = —4@ + 2log?2)

]



Calculus 39
DEFINITE INTEGRALS (Continued)

® 1 1}
723. J. ( == —) e *dx =y =05772157. .. [Euler’s Constant]
o \1 —e X

1 1
724. f —‘ - e"‘) dx = y = 0.5772157 ...
o X 1+x

For n even:

n_
; 2
725. fecosM xdx = %n-, Z

n) sin(n - 2k)_x 1 /n
(k) (n - 2k) * 2n<n> x

2
]
N sin[(n-—2k)(%—x)] .
726. fsinhxdx = ( ) +— [ "\ x
on-1 k 2k~n n i n
k=0 2
For n odd:
: n-1
2
727. fcosh xdx = ) ) (n) sin (n - 2k) x
' ' 2n-1 kgo k (n - 2K)
n-1
. L 2 a sin[n-2k)(%-x)]
inn =
28. [sin™ x dx At kz:o (k) 2k-n

Vobusme o
b

V- ¢& (heg

! 2 c%a. " _ _ _ )(?—-—l- ?r—z.

AU") ¥ %

3
&

2



6 SERIES EXPANSION

The expression in parentheses following certain of the series indicates the region of con-
rgence. If not otherwise indicated it is to be understood that the series converges for all
lite values of x.

BINOMIAL
+y)n_x+nxnly+(2|1)n22
nn—l n—2 -
( 3)'( ) 3P 4 (p2 < x2)
p— 2 [ -—
+x)" =1 +.nx + 12 2'l)x L2 1)3(‘" 2’ +-cete. (xI< D)
2 3
I e N n(n -;'l)x - nin + 1)3(|n + 2)x e @<
+x) ' =lFx+xPFl 4+ xtFai 4 (x* < 1)
+x)2 =1 F2x 4+ 3x2F4x> + 5x* F 6x5 + ... (x* < 1)

REVERSION OF SERIES
Let a series be represented by
Yy=aix + 8x* + a3x® + agx* + asx® + agx® + -+ (a; = 0)
find the coefficients of the series

X=dA\y+ A2 y* + 439> + A,p* + -

1 an 1
== Az=——3 A3=—5(2a§—a1a3)

a, ai ag
1

= (5a1a2a3 = afa4 = 5a§)
ai
1

i = = (6aiaras + 3aial + 14a% — alas — 21a,aia;)
ai

1 22 3
= (7ala,as + Talasa, + 84a,a3a; - atas — 28alalas — 28alazal — 4243)
1

= ﬁ (Bata,as + 8atazas + 4alal + 120alala,
1
+ 180alaial + 132a$ - aia;,
— 36ajajas ~ T2aia,asa, — 12alal — 330a,ala;)
TAYLOR
10 = f@ + (- @ + EZ D po) 4 Eoa o)

o0 +(i_n'L)f(")(a)+ .-+ (Taylor’s Series)
A X . ‘ 4
vaL‘a,QM@_@o‘Kz-f @/O,{/mtxvl Czc&o¢xj
+< m, X
Roal edh = Qem‘ x @

(9298
Repestlad footo - ¢ e™ + C X €



Series 39°
(Increment form)
. h? h?
2 £+ h) = [+ A1) + 57 £ + 37 S () + o
3 3
= SO) + xf'(h) + 37 S ) + 3 £ +

3. If f(x) is a function possessing derivatives of all orders throughout the interva
a £ x < b, then there is a value X, witha < X < b, such that

F6) = f(@ + (b - a)f'(@) + L2 "’ £ + -
(b - a)n-l

(n - l)'
5 2
fla+h) = f@ + R+ A f@ ke G h l)’ LN

- o) + LoD porx.

+Ff(")(a+0h)’ b=a+h0<0 <

or

. ) _ )2 n=1)
) = f@ + (- a)f'(a) + & 2"’) [ | e

S'@) 4t - @) R+

where

S™a + 0:-(x — a)}

py x-a) 0<68<l.

R, =

The above forms are known as Taylor’s series with the remainder term.

4. Taylor's series for a function of two variables

(s kD) s < LED ,  YE),

ay

%[ (x,y) ke 3*f(x,y)

+ 2hk
axay ay?

d a\ 20 p)
(ha+k5) Sf{x,p) =h T

etc., and if (h— + k —) S(x,p)|x-q with the bar and subscripts means that after differ.
y=b

entiation we are to replace x by g and y by b,

x=a +*
y=b

R k—)f(x »)

fla + kb + k) = f(a,b) +(

+—(h—+k )f(xy),-,.+

n! ax

MACLAURIN

Y A ()

R

2. ’ 3
Sx) = f0) + xf'(0) + %f"(O) + %f’”(O) 4ot x

where
NES A (%))

; , 0< <.
n! S



8 Series
EXPONENTIAL
B i i VD,
= +1—!+ﬁ+3—!+n+
2 x3 x4
=1+ x + o + ?!-+ i b (all real values of x)
! (xlog.a)> | (xlog.a)’
= 1+ xlog.a + = 31
e x-a)? (x—a) !
._e[1+(x—a)+ 31 + 3 +--
LOGARITHMIC
-1 1 [x - 1\? 1 fx -1V}
log.x = = e 1
og, x x+2(x)+3(x)+ x>9%
log.x =(x = D) =3x - D2+ 3(x -1 -.-. 22x>0)
x—-1 1f({x—-1yV 1lfx-1
log,x—2[x+l+?(x+l)+?( >+] (x >0)
(1 + %) = x — Ix? +4x? —dx* 4+ ... (—1<x=<1)
1 1 1
g.n+)-log(n-1)=2|—+ —+ —+---
g. (n + 1) ge(n — 1) [n 3 T S ]
x 1 x V¥ 1 x )’
g = log, 2 LE =
g.(a + x) = log.a + [2a+x+3(2a+x)+5(2a+x +
@>0-a<x< +x)
1+ x x} Xt x2-!
log. ™ 2 X L. Soo| 5 _
ogl_ [x+3+5+ +2n—l+ l<x <1
— _ 2 . 3
log,x=log,a+(x @) § 2a)+(x sa)—+---, O<x = 2a
a 2a 3a
TRIGONOMETRIC
3 7
sinx=x—§—+ )Sc——%+--- (all real values of x)
cosx:]_i‘_z_,. x__f‘_6+... (all real values of x)
2! 4! 6!
x* 2x¥ 17x7 62x? (- " 1227 22y Bin X
anx =x+ 5+ et et agrtot @n)!
[x’ < ?, and B, represents the n’th Bernoulli number.]
1 x g 2% 53 (—1)n+12n S
X =TI TS T s a5 @nyr Dot :

[x? < =2, and B, represents the n’th Bernoulli number.]



Series 399

x? 5 4 61 5 277 3 (_l)n

s T 20 =LA -
X AT R Tt teee ¥ T @nyr Bt
- 2 -
[x2 < 7';7 , and E, represents the n’th Euler number.
csc x =L+ LI —7—x3+ 31 x* + ey x!
X 6 360 15,120 604,800
(_l)n+12 (22n—l —_ l) _
u @n)! Box™ Ao
[x? < =2, and B, represents n’th Bernoulli number.]
sinx =

2 2 2 '
X(l B %)(l - 2)2[12)(1 - 3;"#2)”. i)
-

4x 4x2 4x? .
Cos X =(]——1r—2—)<l——ﬁ)(l 52‘”2) (x < w)
3
in"'x = X LS 15 I (x2<l —1<sin“‘x<1)
smox=xto3tras  tigenr "2 2
3 7
ST x° -3 5 1.3.5x o —
cos x—2 x+23+24.5x +2-4-6-7+ (x*< 1,0 <cos™ x < )
3 5 7
tan'x = x — > 4 X _ X ... 200
an~'x = x 3 + 5 7 + (x* < 1)
{ 1 1 1
tan" =1——+___'__+__... x > 1
T2 T3 Ty s I ( )
1 1 1 1
tan~'x = - & - o g —— s x < —1
* 2 x  3x* S5x% X7 ( )
3 5 7
Sl = T UM L 2
cot x—2 Jc+3 5v+7 (x“<1)
. x? x* x8
=] L L L L e . 2 2
log, sin x og, x 3 180 ~ 2833 x* <-=w%)
lo cos);—_x_z_."f:_x_s_ixs._... (x2<7r_2)
& R T v R TR T5T) )
log.tanx = lo x+x—2+'7—x4+6—2—£+--- (x2<"’_2)
5 =108x + T+ 55+ %35 n
sinx | X2 Ix* s—x_s 3_x6 56x7 5
N Y S YR TR TR T
—— x? 4xt 3x®
e =¢€ —2—!+ —!— 61 + P
tanx _ | x? 3x? 9x* 373 , 5 2
e = +x+2—!+.?!—+-—!+ 31 + X <T
_ 2
sinx=sina+(x—a)cosa—(xTa)sina
) _ a3 Ry
SRt a) cosa+( a) sing + -~



0 Series

HYPERBOLIC AND INVERSE HYPERBOLIC
See page 263 for section on Hyperi;)olic Functions
See page 268 for section on Hyperbolic Series
FOURIER

(Also see Index for Cosine and Sine Transforms)

. If f(x)is a bounded periodic function of period 2L (i.e. f(x + 2L) = f(x)). and sat-
sfies the Dirichlet conditions:

a) In any period f(x) is continuous, except possibly for a finite number of jump
discontinuities .

b) In any period f(x) has only a finite number of maxima and minima.
Then f (x) may be represented by the Fourier series

Qo = oS nTx + b sin nrx
PIE = B bty ey 7

vhere a, and b, are as determined below. This series will converge to f(x) at every
soint where f(x) is continuous, and to

Jx*) + f(x7)
2

i.c. the average of the left-hand and right-hand limits) at every point where f(x) has
1 jump discontinuity.

If" nrx
=T /o f(x)cos—z—dx. n=0,123,.

|f" . nwx
bom J SU)sin=dx, a=123,...
We may also write

“"’"f f(x)cos—dxandb -—f j(x)sm—-dx,

where a is any real number. Thusifa = 0,

l‘/."' nwxx . i
=Tl f(X)COSde. n=012733...;

1 it . ATX
b,,-—L— A j'(x)sm—L—dx, n=123,...

2. Ifin addition to the above rédtrictions, f(x)is even (i.e. f(—x) = f(x)), the Fourier
series reduces to



